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The cusp of an apple

Aditi Chakrabarti

Singularities are common in diverse physical systems' and
lead to universal structures®>. This universality suggests that
they should also naturally arise in biological systems, where
active growth, autonomous motion, kinesis and taxis focus
deformations in spacetime, as exemplified in the morpho-
genetic processes determining biological size and shape®. A
familiar example of a morphogenetic singularity is seen in the
humble apple, which forms in the neighbourhood of the stalk
as the apple grows. Here we study the geometry and morpho-
genesis of the cusp of an apple by combining observations of
fruit growth with a simple theory, finite element simulations
and controlled swelling experiments using a physical gel sim-
ulacrum. Our observations show that the axisymmetric cusp
develops into a self-similar form, which can be understood in
terms of a mechanical theory for the inhomogeneous growth
of a soft sphere. Physical experiments using local inhibition
in swelling gels corroborate our theoretical predictions. These
experiments further show that axisymmetric cusps can lose
stability and become lobed. We use simulations to show that
the number of cuspidal lobes depends on the ratio of the size
of the stalk to the size of the sphere, as well as the amplitude
and periodicity of perturbations that mimic the role of fruit
anatomy, consistent with observations of multi-cusped fruits.

A longitudinal cross-section of a mature apple reveals its anatomy
(Fig. 1a): the innermost seed cavity forms a stiff core encapsulated
by a fleshy cortex that is surrounded by a thin epidermal layer, that
is, the skin. The fruit is suspended from a branch via a stalk, which
also serves as a transport channel from the tree during its growth.
A network of vascular bundles’ in the cortex further distributes the
nutrients and water received from the stalk to the tissues during fruit
growth. Following pollination and fertilization of the ovules at the
base of the flower®’, the petals fall off, while the ovary and fleshy
cortex expand going through several rounds of cell division during
the first month after anthesis®. During this stage, there is no visible
cusp around the stalk. This first stage is followed by a prolonged
phase over several weeks, where the fruit increases in size mainly
due to cell expansion and addition of starch and sugar metabolites.
Quantitative measurements indicate that the cells and intercellular
spaces in the cortex expand much more than the outer epidermis
and inner core”*""* (Supplementary Fig. 3). While the cortex grows at
a much faster rate than the core, the latter shows some growth during
the later stages of apple development’. It is during this cortical expan-
sion phase that the cusp at the stalk begins forming and achieves its
final shape (see Fig. 1 in ref. ® for the developmental timeline of a
fruit). All together, these observations of apple growth suggest that
its cusp arises due to differential expansion between the cortex that
grows in volume fivefold than the core’’, with hindered growth at the
stalk. Furthermore, the density of vascular channels is much higher
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in the cortex than in the core or epidermal regions’, directly showing
that water and nutrients are preferentially added to the cortex.

To experimentally follow the formation of the cusp, we directly
estimated the growth profile of apples picked at various growth
stages in the orchard of Peterhouse, University of Cambridge, UK,
during June 2018. The profile of the cusp was determined by lon-
gitudinally cutting the apples at the stalk. Therefore, instead of
watching a single apple grow as a function of time, we imaged the
longitudinal cross-section of the apples at various stages. This pro-
cedure resulted in a pseudo-ontogenetic time course of growth of
an apple cusp, as shown in Fig. 1b (Extended Data Fig. 1a). In the
experiments, we observed that apples smaller than about 1.5cm in
diameter did not exhibit a detectable cusp. In contrast, larger apples
(diameter, >3 cm) exhibited a cusp with shape profile y(x) measured
relative from the distance to the stalk, x. This is consistent with pre-
vious observations of commercial apple varieties, showing that the
cusp becomes apparent about 30days after full bloom when the
diameter is about 2 cm (refs. '%).

To understand the evolution of the shape of the apple in the neigh-
bourhood of the cusp, we turn to singularity theory'”. Defining the
profile of the apple as a one-dimensional curve represented para-
metrically using arc length s as x(s) = (x(s), y(s)), where x(s) is the
horizontal distance from the stalk and y(s) is the height (that can
be used to generate a solid of revolution around the stalk) (Fig. 1a),
we expand these functions in a Taylor series in s (the distance
from the stalk). Noting that the fruit profile has mirror symmetry
about the stalk, that is, x(—s)=—x(s) and y(—s)=y(s), implies that
x(s)=x5+x5+... and y(s)=y,°+.... When x,=0, this yields
y(s)22y,s* and x(s)~x,s*>—corresponding to an ideal cusp yox*?
(SupplementaryFig. 1¢).Forx, > 0, thefruitprofileiscusp-likefromafar
(that is, when s>> (x,/x;)"2), but it is regularized to be parabolic when
viewed closely (that is, when s<<(x,/x;)""?) (Supplementary Fig. 1b);
indeed, when x,=0, the fruit profile is parabolic, that is, yxx®. We
see that simple symmetry considerations lead to the surface being
spherical on large scales, a self-similar cusp on intermediate scales
and a regularized parabola on very small scales, as seen in similar
interfacial structures in simple fluids and solids"'“. Indeed, using

s = +\/y/y2, we obtain x = x1./y/y2 + x31/ (y/y2)’; close to the

stalk, we can, therefore, write the fruit profile in a self-similar form as

ay(x) = H(bx), a=ux3/(yax1), b= 1/x3/x3, (1)
where the self-similar function H(£) is defined as
VH(1 +H) =& 2)

Thus, by appropriate rescaling of the x and y axes to y*=ay and
x* = bx, fruit profiles near the cusp (Fig. 1c) are expected to collapse
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Fig. 1| Experimental observations of the growth and form of the cusp of an apple. a, A Gala apple with a cusp where the fruit meets the stalk. Its
longitudinal mid-plane cross-section shows the curve x(s) = (x(s), y(s)) depicting the shape near the stalk, where s is the arc length and x(s) and

y(s) are the coordinates of the apple cusp profile relative to the origin set at the end of the stalk, respectively. The initial core size is r,. b, Experimental
measurements of apple cross-sections at different stages of growth, where t depicts the effective time course—a proxy for the different stages of apple
growth. ¢, Apple growth profile x = (x, y) near the stalk, measured for each apple at time t. The inset shows an enlarged version of the cusp of a mature
apple (t=1). The apple profiles were traced from the images of a total of 100 apples picked at different stages of growth. d, Apple growth profiles are
rescaled according to y* =ay and x* =bx, where a and b are defined in equation (1). The rescaled profiles collapse onto a single universal curve y* = H(x*)

predicted by the singularity theory (dashed line; equation (2)).

onto the universal curve y* = H(x*), which is in excellent agreement
with the measured apple profiles shown in Fig. 1d.

To complement the geometric picture, we consider a minimal
dynamical picture of the growth of the apple as that of a moving
interface, with a local velocity that depends only on the local geom-
etry. If there is a spherical front corresponding to the surface of the
apple, a cusp will form if there is a source of a chemical that inhibits
growth and has an influence that is due to a balance between diffu-
sion and degradation over time, leading to a free boundary problem
for the shape of an accreting material in the neighbourhood of a
point source of inhibitor. The simplest mathematical description of
the above process leads to the eikonal equation'. By virtue of the
azimuthal symmetry of the problem, we can confine ourselves to
a two-dimensional surface parameterized in polar coordinates as
x = (x,y) = (rcos g, rsin @ — o), where r(@,t) describes the grow-
ing front, where ¢ is the angular coordinate, r, is the initial radius,

2
and the eikonal equation becomes % =cy/1+ % (g—;) . If the

prescribed normal velocity ¢ is constant, an initially spherical profile
will continue to maintain its spherical shape with time. Instead, if
growth is restricted at the stalk and tends to a constant value away
from the stalk (over a characteristic length scale controlled by the
diffusion of a growth inhibitor and growth speed), a self-similar
cusp develops from the eikonal equation only after a finite time and
critical size (Supplementary Section 1 and Supplementary Fig. 2),
just as observed in apples (Fig. 1c,d).

The geometric and dynamical theory presented above are
generic—they do not depend on any molecular, cellular or
physical details of the growth process. However, observations’
(Supplementary Fig. 3) of differential growth between the cortex
and core coupled with the fact that the apple grows everywhere
except near the stalk region and inner core suggest a mechanical

basis for cusp formation in the apple. To quantify this, we model
the apple as a growing neo-Hookean material with a volumetric

_2
strain energy density Wa = £ []A *Tr(A - AT) — 3] + %(]A — 1)2,

where A is the elastic deformation gradient, ], =detA, u is the shear
modulus and K is the bulk modulus, assumed to be O(10°u), that
is, the tissue is almost incompressible. The deformation gradient is
multiplicatively decomposed into an elastic part and a growth part
F=AG. To model isotropic inhomogeneous growth, we use the
following profile: G=g(x,y,H)I, I being the identity matrix and the
growth rate is given by g(x,y,t) =1+ f(R)h(d)t, with filR)={1+exp
[~kx(R-R.)/R,]} " and h(d) = {1+ exp[-k,(d-d.)/d,]}"', where R, is
the initial radius of the apple, R, is the radius of the non-growing

v/ %%+ (Ro +)’)2,

d=\/x*/d5+y*/d and dy = Ro\/1/d}+ 1/d?. This growth

profile allows g to vary smoothly from g=1 in the core and the neigh-
bourhood of the stalk to g>1 in the outermost cortex, similar to the
the growth profiles that drive the form of cortical convolutions in the
human brain®. Both axisymmetric and three-dimensional simula-
tions are performed using the commercial finite element program
Abaqus/Standard v. 6.14 (ref. '°), minimizing the elastic energy. In
Fig. 2a,b, we see that our computations capture the formation of an
axisymmetric cusp with the self-similar form expected from the sin-
gularity theory, while providing a simple mechanical basis for its ori-
gin (Extended Data Figs. 1b and 2). The universal self-similar scaling
holds for both cases of a cortical growth front moving inwards and a
cortical growth front moving outwards from the core-cortex inter-
face (Supplementary Fig. 4), suggesting that non-polar differential
growth between the cortex and pith suffices to create a cusp.

With our understanding of the cusp using field experiments in
apples, theory and computation, a natural question is that of lab

core and d,, is the radius of the stalk. Here R =
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Fig. 2 | Numerical simulations of a growing solid and physical experiments with swelling gels recapitulate axisymmetric cusp formation. a, Finite
element simulations of a growing hyperelastic sphere with a small zone of inhibited growth near the pole, showing cusp formation. The colour bar
represents the displacement magnitude (U), and t represents the normalized time relative to the final time at which the cusp is fully developed.

b, Universal self-similarity of the rescaled profiles of cusps from the finite element simulations y* =ay and x* = bx, which are superimposed with the curve
y*=H(x*) (dashed line) (equations (1) and (2)). The left inset shows a magnified version of the cusp at t=0.5. The right inset shows the cusp profiles (x,y)
obtained from the finite element simulations measured relative to the origin set at the upper central part of the model, that is, the ‘stalk’. ¢, Laser sheet
imaging of the swelling of a spherical gel of PDMS with a non-swelling ‘stalk’ made with co-curing a drop of a fluoroelastomer (1:1) at the north pole of the
gel model. The PDMS gel was embedded with polyethylene fluorescent spheres (0.3 w/w%; diameter, ~35-40 pm) to visualize the central cross-section

of the model during its growth when submerged in a jar of hexane. This enabled the imaging of the cusp profile during the time course of growth due to
swelling and visualizing the evolution of the cusp, where t represents the normalized time relative to the final time at which the cusp is fully developed.

d, Universal self-similarity of the rescaled profiles of the gel cusps are plotted using rescaled axes y* =ay and x* = bx in the same way as in b (see equations
(1) and (2)). The left inset shows a magnified version of the gel cusp at t=0.8. The right inset shows the cusp profiles (x,y) measured at the stalk for these

gel models as they grow as a function of time.

experiments to mimic the process of cusp formation. To do so, we
fabricated gel spheres made of a polymer (polydimethylsiloxane
(PDMS), 40:1) swellable in hexane, with a ‘stalk’ on its pole made
of a different polymer that does not swell in hexane (fluoroelasto-
mer SIFEL8070, 1:1; further details in Methods). If the ratio of the
initial stalk diameter (Dy,) to the initial sphere diameter (Dgper)
was small enough, that is, D /Dy, <0.1, an axisymmetric singu-
lar cusp forms within an hour of swelling in hexane (for an initial
D pere =12 mm chosen to mimic a young apple) (Fig. 2c). On swell-
ing the gel sphere in hexane, the solvent migrates inwards from the
boundary of the sphere. Over time, three morphologically distinct
zones develop, as revealed by the laser sheet images: an outer zone
that is fully swollen, an intermediate zone that is partially swollen
and an inner ‘unswollen’ core, similar to what is seen in an apple’.
The shape of the cusp y(x) near the stalk is obtained from the pro-
files of the laser sheet imaging of the embedded fluorescent particles
(Extended Data Fig. 1c). On rescaling the coordinates using the form
y*=ay and x* =bx (as defined earlier), the resulting profiles collapse
onto a universal curve y* = H(x*) corresponding to a self-similar axi-
symmetric cusp arising from the singularity theory (Fig. 2d).
Although we have focused on axisymmetric cusps so far, casual
observations show that apples can have non-axisymmetric cusps
(Fig. 3a). A biologically plausible explanation for this is that the
carpel number, which is intrinsic to the fruit anatomy, determines
the number of cusps due to hindered growth along the carpel junc-
tions'”. However, we see the number of cusps ranging from n=1 to
n=7 in a range of apple species such as Gala, Honeycrisp and Red
Delicious (Fig. 3a), even though all of them have exactly five carpels.
This suggests a role for a mechanical basis of number of cusps that
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operates in parallel with carpel anatomy. To understand the inter-
play between mechanical instabilities and intrinsic fruit anatomy,
we performed numerical simulations of multi-cusp formation with
hindered growth at the stalk region by varying the D,/ Dyypr ratios.

We captured the role of carpel anatomy by prescribing an ini-
tial perturbation to the shape of the growing spheroid in terms of
a vertical displacement of the form U,(r,0)=Ar cos(mé), where
0 is the azimuthal angle, m is a prescribed periodicity equal to
the carpel number (Fig. 3b) and A is the scaled amplitude of this
carpel-induced surface growth (assumed to be the same for all val-
ues of m for simplicity). We allowed for the growth of the hyper-
elastic sphere for different values of the scaled amplitude A, leading
to the phase diagram shown in Fig. 3c. For small amplitudes, we
consistently observed the formation of a single cusp irrespective
of the initial periodicity m. For large amplitudes, the final num-
ber of cusps (n) was solely determined by m; we interpret this
regime as corresponding to the case under an external perturba-
tion, that is, the carpel number determines the number of cusps.
Interestingly, we found an intermediate regime where we observe
stable multi-cusped shapes, whose number is independent of m but
depends on the Dy, /D ratio.

To corroborate our simulations, we also carried out experiments
of swelling gels with different initial D, /D ratios in hexane
(Fig. 3d) and also observe the formation of multiple cusps (1) for
D/ Dyppere>0.1. A cutting experiment of the swollen gel sphere
provides the mechanism for the formation of multiple cusps: as the
swelling zone progresses inwards in the neighbourhood of the cusp,
the geometry of the spheroid causes an overturning and compres-
sion of the outer zone that is already swollen (Extended Data Fig. 3b),
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Fig. 3 | Instability of an axisymmetric cusp can lead to multi-cusped forms. a,

Plan views and mid-plane cross-sections of apples with multiple cusps:

n=1(Gala), n=2,4 (Honeycrisp) and n=5 (Red Delicious). Right: histogram for ratio (P) of apples with various number of cusps (n) measured for Gala,
Honeycrisp and Red Delicious (total, 123 apples). b, Schematic of a finite element model setup of a sphere (diameter, D) with growth inhibited in

the stalk (diameter, D). Right: an example of a sinusoidal perturbation with amplitude AD,,, and periodicity m=6 for initiating multi-cusped forms

in simulations. Bottom: simulations showing multi-cusped forms with an increasing number of cusps (n=1,4,5, 6). The colour bar represents the
circumferential stress Ggg. All the simulations are performed via a four-step growth model (Extended Data Fig. 2d). ¢, Phase space of scaled amplitude
(A) versus D/ Dgypere Shows multistability in numerical simulations with different regimes: for low A, we get a single cusp n=1; for intermediate A, we
get multi-cusped forms with n#m (colour bar in the legend corresponds to this intermediate regime); for large A, we get multi-cusped forms where the
prescribed periodicity determines the final number of cusps, n=m. d, A spherical PDMS gel dyed with a red pigment—with an inhibition zone (‘stalk’)

of SIFEL fluoroelastomer dyed with a green pigment—grows due to swelling in
of cusps (n=1,3,5,8) with an increase in stalk size (D). € Number of cusps

hexane. Experiments with varying ‘stalk’ diameters change the number
(n) for apples (Gala, Honeycrisp and Red Delicious), swelling gels and

numerical simulations (corresponding to the intermediate regime in ¢) as a function of the non-dimensional diameter ratio (D,;/ D). The error bars

are based on standard deviation.

causing the vicinity of the initially axisymmetric cusp to buckle into
a structure with n-fold symmetry.

Plotting 7 as a function of D,/ Dyyher for apples (Gala, Honeycrisp
and Red Delicious) and for simulations and gels, we find a roughly
linear relationship between these parameters for the physical gel
swelling experiments, finite element simulations and apples, although
apples show a larger slope probably because of the confounding
influence of carpel anatomy (Fig. 3e).

To extend this idea to other drupe fruits that also show singular
cusps, we plotted the number of cusps in peaches, apricots, cherries
and plums as a function of their D, /D, ratios, and we see that
the results are similar to those observed with gels, simulations and
single cusps in apples (Supplementary Fig. 5).

All together, our analysis of a biological cusp complements its
geometric universality with a morphogenetic perspective on the
origin of its shape. We further show how an axisymmetric cusp can
become mechanically unstable and form multiple cusps. Our study
naturally raises a number of further questions including the nature
and dynamics of the molecular signals that trigger the inhibition of
growth near the stalk, and the mechanisms linking cell number, cell

size and cell shape to tissue morphogenesis, even as the apple within
arm’s reach continues to beckon.
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Methods

Experiments with apples and other fruits. To experimentally follow the formation
of the apple cusp, we picked apples at various growth stages in the orchard of
Peterhouse, University of Cambridge, UK, during June 2018. The profile of the
cusp was imaged after longitudinally cutting the apples at the stalk. The profiles

of the apple cusps were measured as a function of the pseudo-ontogenetic time

(t, where the diameter of the apple served as a proxy to determine its stage of
growth®), by setting the origin at the stalk, which is shown in Extended Data Fig. 1.
To study multi-cusp apples as well as the cusp profiles of other fruits, we purchased
them from local grocery stores. The number of cusps were determined by imaging
the top view of the fruits (apples, plums, peaches, apricots and cherries), and

D,/ Dhere Tatios were obtained from the side views of the fruits obtained by
cutting them into halves at the stalk.

Experimental protocol for gel experiments. To ensure that the physical gel
models mimic the apple cusp growth, we used two polymers with dissimilar
swelling properties when immersed in a solvent (hexane, >98.5%; Sigma Aldrich).
The bulk of the spherical fruit model was made out of PDMS (SYLGARD 184; Dow
Corning); to mimic the stalk region of the fruit, a fluoroelastomer (SIFEL8070A/B,
a two-component gel; Shin-Etsu Chemical) was used. PDMS was mixed in a
base/cross-linking agent ratio of 40:1, coloured using a red pigment (Silc Pig,
Smooth-On) to enhance visibility and degassed to remove all the bubbles generated
from mixing. Likewise, SIFEL8070 was mixed in a 1:1 (A:B) ratio and a green
pigment (Silc Pig, Smooth-On) was added to it and also degassed. Commercially
purchased spherical silicone mould trays with a bottom and lid, both having
hemispherical cavities (diameter of each cavity, 12 or 38 mm), were sprayed with a
mould release lubricant (Stoner, E218). A fine-pointed needle was used to deposit
small volumes (1-10 pl) of SIFEL8070 at the centres of the hemispherical cavities in
the bottom tray. Degassed PDMS was then gently poured over the SIFEL8070 drop
in the bottom tray, followed by gently covering with the tray top. The lid of the
mould tray was pressed to remove excess PDMS and pressed with uniform weights,
followed by resting at room temperature for another 30 min to allow the release of
bubbles. The mould trays with polymers were then heated in an oven at 75 °C for
2h followed by curing at 65 °C overnight. The cured PDMS spheres with the stalk
region made of SIFEL8070 were gently removed from the mould and swelled in
hexane in a transparent rectangular container with time-lapse imaging. Varying
the amount of SIFEL8070 gave rise to stalks of different diameters. For the laser
sheet imaging experiments, polyethylene fluorescent spheres (0.3 w/w%; diameter,
~35-40 pm; Cospheric UVPMS-BR-0.995) instead of the silicone pigment were
mixed with PDMS, degassed and then cured in the oven. The prepared fruit model
made of PDMS and its stalk region made with SIFEL8070 were perfectly bonded
with each other.

To study the growth-induced cusp formation in the gel models, the cured
gel hybrids were immersed in containers filled with hexane. For the smaller
spheres (diameter, 12 mm), the swelling occurred over 100 min; for the larger
spheres (diameter, 38 mm), the swelling occurred over 20 h. To observe the
number of cusps after the desired time for swelling, the samples were taken out
of the containers and immediately imaged. For the time-course experiments
performed to track the shape of the cusp during the growth (swelling), its
cross-section was visualized using a laser sheet (GEM 532). The fluorescent
particles embedded in PDMS highlighted the edge of the growing gel model
during swelling, which was tracked using Image] 1.53c/Fiji software and analysed
in MATLAB 2018b.

Numerical simulations. Based on the laser sheet profile of the swelling gel
model, we define a smoothly distributed growth rate within the hemispherical
model. Here d_, and R, represent the radius of the stalk zone and non-swelling core
zone, respectively. The parameters used in the simulations are d, =1, d,=~3-5,
ky=~30-50, R,/R,=~0.6-0.9, k,=50, d,,=~0.08-0.60 and do = Ro/1/d2 + 1/d&2.
For different stalk sizes (D, =2d.,), we adjust the corresponding parameters
d, and k, to ensure the growth rate distribution in accordance with the laser
sheet profiles from the experiments. For an axisymmetric hemispherical model,
we prescribe a differential growth distribution with a fixed non-swelling zone
(Extended Data Fig. 2a). Furthermore, noting that the growth front might
move inwards so that the gel sphere swells from the outside to the inside, we
separate the growth process into multiple steps—with a different R, value in
each step representing the location of the growth front (Extended Data Fig. 2b)
corresponding to an axisymmetric moving zone of material addition except in
the neighbourhood of the stalk. For axisymmetric simulations, we used three
steps with the growth front moving from R./R;=0.9 to R./R,=0.7, as shown in
Extended Data Fig. 2a,b. This assumption is to ensure that the outer epidermal
layer stops growing after the initial stages of growth. Similar parameters are used
in the three-dimensional hemispherical model, where a four-step growth process is
assumed (Extended Data Fig. 2c.e).

To verify the scaling law in the theoretical analysis and experiments, we
first construct an axisymmetric hemispherical model with 5,400 axisymmetric
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solid elements (CAX8RH) for both swelling and non-swelling zones. We avoid
self-contact near the stalk region d_,=0.08 and 0.10 and introduce numerical
damping to relax the integrated energy density towards the minima. In phase

1, only the outer epidermal layer is assumed to grow with a strictly fixed axis;

in phase II, the outermost layer is assumed to stop growing, while growth is
assumed to mainly occur in the intermediate layer as the vertical displacement
along the main axis of the hemisphere is relaxed. While our theoretical framework
has assumed that the apple tissue is incompressible, assuming a compressible
Neo-Hookean material to model the gel and apple flesh'® with K=1.2—2.0u does
not change our qualitative conclusions: we still get the same self-similar profile.

To investigate the formation of multiple cusps in fruits with a large stalk, we
construct a three-dimensional hemispherical model with over 70,000 tetrahedron
elements (C3D4H). The model is partitioned into swelling and non-swelling
zones with a modulus ratio of these zones set as 0.7:1.0 (ref. °). The radius of the
stalk is d,=0.1, 0.2, 0.3, 0.4, 0.5 and 0.6. We impose random or sinusoidal initial
imperfections with an amplitude of 0.01R, around the stalk region to mimic real
defects, as shown in Extended Data Fig. 2¢c. For each model, the outer surface
is carefully partitioned into three parts: a growth-inhibited stalk zone, a slightly
disturbed neighbourhood and the rest of the surface, which is in accordance with
the prescribed growth profile. Extended Data Fig. 3a depicts the formation of
cusps during the growth of an axisymmetric model simulated by the finite element
method, with the plan and side views of the hoop (compressive) stress (c,,) profiles
shown for the model with eight cusps. These stresses are responsible for the
formation of multiple cusps. Additional evidence from the gel swelling experiments
corroborate the presence of these stresses, where the swollen gel models cut
through the central ‘stalk’ region leading to the halves folding inwards, as shown by
the two examples (n=3 and n=8) in Extended Data Fig. 3b.

Reporting Summary. Further information on research design is available in the
Nature Research Reporting Summary linked to this article.
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Extended Data Fig. 1| Raw and collapsed cusp profiles for apples, simulations and physical gel models. (A) In vivo: Experimental measurements of
profiles near the cusp of apple cross-sections at different stages of growth. 2 pickings of the apples were made in June 2018. At the time of picking, the
fruits were cut through the middle at the stalk, (0,0), and images of the cross section were taken. The apple profile was traced from the images of 100
apples at different stages of growth. The colors indicate time point (t) during growth, where t represents the normalized time scale for cusp growth in
apples. The inset shows an apple cusp at t=1. (B) In silico: Simulation profiles as a function of time. The inset shows a cusp at t=0.5. (C) In vitro: Gel
profiles of the cusp obtained from laser sheet experiments as a function of time, going from O min to 130 min, where t represents the normalized time with
respect to the total time of the experiment, that is 130 min. The inset shows a cusp at t=0.8.
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Extended Data Fig. 2 | Description of FEM model and growth profiles. (A) Three dimensional model illustration for the FEM simulations. (B) For the
cusp formation in 2D FEM simulations, the growth profile along radius, f(R), is assumed in the form of a sigmoid function. (Right): Growth distribution

for single cusp formation in asymmetric geometry for FEM simulations. The swelling and non-swelling zone are fixed throughout the process. To

model the isotropic inhomogeneous growth we use the following profile: G=g(x, y, t)I, where the growth rate is given by g(x, y, t) =1+ f(R)h(d)t, with

f(R) = {1+ exp [—kr(R — Rer)/Ro]} ", and h(d) = {1+ exp [—ky(d — der)/do]} " Here R = v/x2 + (Ro + y)? and d = /x2/d? + y2/d2. This growth
profile allows g to vary smoothly from g=1in the core and the neighborhood of the stalk to g>1in the growing cortex. (C) The growth profile, f(R), moves
inwards as a function of time in 2D simulations for the formation of a single cusp at times t, — t,. (Right): Growth profile for single cusp formation with a
moving swelling zone for each time interval t,— t;. (D) For the cusp formation in 3D FEM simulations, the growth profile, f(R), moves inwards as a function
of time at time points t,—t,. (Right): Growth profile used in 3D FEM simulations (Dgtajk/Dsphere = 0.3) for each corresponding time intervals.
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Extended Data Fig. 3 | Stress distribution in FEM simulations and gel models for multicusp formation. (A) Plan view and cross-section from FEM
simulations with n=8 cusps showing temporal evolution of the compressive stresses around the central stalk region, which are responsible for the
formation of the multiple cusps. Respective color legends shows the magnitude and sign of the Hoop stress. (B) Two examples of gel models, one with a
small non-swelling stalk (left, D,/ Dsphere = 0.05) and a large stalk (right, Dstaiv/Dsphere = 0.5) denoted by arrows. At t=0, both these gel models were
cut through their mid-plane to show their cross-section before swelling. Both the halves remain flat after cutting showing no pre-stresses in the samples.
A replicate of the model for each case is swelled in hexane until it develops the cusp. At t=1 (75 min of swelling reaching the final cusped state), when the
swollen gel spheres are cut into halves, each of these fold inwards demonstrating the presence of compressive hoop stresses in the outer region. These

hoop stresses are responsible for formation of multiple cusps when Dgiai/Dsphere is large. All scale bars denote 2 mm. The white dashed lines are guide to
the eyes at locations where the cusps are observed before longitudinally slicing them.

NATURE PHYSICS | www.nature.com/naturephysics


http://www.nature.com/naturephysics

	The cusp of an apple

	Online content

	Fig. 1 Experimental observations of the growth and form of the cusp of an apple.
	Fig. 2 Numerical simulations of a growing solid and physical experiments with swelling gels recapitulate axisymmetric cusp formation.
	Fig. 3 Instability of an axisymmetric cusp can lead to multi-cusped forms.
	Extended Data Fig. 1 Raw and collapsed cusp profiles for apples, simulations and physical gel models.
	Extended Data Fig. 2 Description of FEM model and growth profiles.
	Extended Data Fig. 3 Stress distribution in FEM simulations and gel models for multicusp formation.


