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Understanding the complex patterns in space–time exhibited by active systems has been
the subject of much interest in recent times. Complementing this forward problem is
the inverse problem of controlling active matter. Here, we use optimal control theory
to pose the problem of transporting a slender drop of an active fluid and determine the
dynamical profile of the active stresses to move it with minimal viscous dissipation.
By parametrizing the position and size of the drop using a low-order description
based on lubrication theory, we uncover a natural “gather–move–spread” strategy that
leads to an optimal bound on the maximum achievable displacement of the drop
relative to its size. In the continuum setting, the competition between passive surface
tension and active controls generates richer behavior with futile oscillations and complex
drop morphologies that trade internal dissipation against the transport cost to select
optimal strategies. Our work combines active hydrodynamics and optimal control in a
tractable and interpretable framework and begins to pave the way for the spatiotemporal
manipulation of active matter.

Significance
Transportation, in its broadest
sense, is an important task in
many ﬁelds, including
engineering, physics, biology, and
economics, and a great deal is
known about optimal and eﬃcient
strategies to move matter, energy,
and information around. But can
we craft similar optimal protocols
to transport autonomously
moving (active) matter, such as
self-propelled drops or migrating
cells? We develop an optimal
control framework to transport
active ﬂuid drops with the least
amount of energy dissipated, by
manipulating the spatio-temporal
proﬁle of its internal active
stresses. By combining numerical
solutions and analytical insight,
we uncover simple principles and
characteristic trade-oﬀs that
govern the optimal policies,
suggesting general strategies for
optimal transportation in a wide
variety of synthetic and biological
active systems.
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In recent years, active fluids composed of internally driven units have emerged as a
powerful platform to manipulate and morph matter far from equilibrium (1–3). Such
fluids have been assembled from a variety of biological and synthetic constituents,
including self-propelled colloids, driven biofilaments, and living cells (4–7). These systems
often exhibit complex spatiotemporal dynamics and pattern formation that have been the
focus of intense research efforts in the past two decades or so.
While a great deal is now understood about the emergent collective dynamics in active
fluids (8), much less is known about how we can control or harness such collective
phenomena to achieve functional goals. Recent experimental advances in microfabrication
and optogenetic techniques have allowed the development of novel bacterial and synthetic
reconstituted systems to begin addressing this question in different contexts, such as active
engines for efficient work extraction (9, 10), the dynamic control of reconfigurable density
patterns (11, 12), and the targeted creation and transport of localized structures such as
defects (13, 14). On a different scale, the collective control of migrating and proliferating
cellular monolayers through patterned substrates (15, 16) or external fields (17, 18) also
presents new possibilities for the control of active biological matter.
The capacity for spontaneous and autonomous motion in active fluids raises a natural
question: What are the optimal strategies to spatially transport active materials? The
general problem of optimal mass transport—i.e., finding the easiest or cheapest way
to move mass from one place to another—has been explored for over two centuries
(19, 20) with deep connections to economics, hydrodynamics, machine learning, etc.
(20–22). But much less is known about how to optimally transport physical materials,
such as active fluids, that obey complex spatiotemporal dynamics, leading us to ask: How
can we construct and understand optimal transport policies to move active matter?
Here, we pose this question in the simplest setting of transporting an active drop by
dynamically controlling its internal activity in space–time. By incorporating the dynamical
constraints of droplet motion using the lubrication approximation and expressing the cost
of transport in terms of the dissipation rate, we ask if we can determine the internal activity
to move the drop from one place to another while minimizing the total dissipation, thus
bringing it within the framework of optimal control theory.
By projecting the continuum description of droplet motion onto a finite-dimensional
slow manifold, we derive a reduced system of ordinary differential equations (ODEs)
for the position and size of the droplet. Interestingly, for a range of parameters, an
intuitive “gather–move–spread” style strategy emerges naturally as an optimum within
our framework. Numerical simulations of the continuum equations using an evolutionary
algorithm to determine the optimal activity profile confirm the qualitative nature of
the results obtained from the reduced order model. Together, these solutions provide a
comprehensive, yet interpretable, framework (Fig. 1) to understand the optimal solutions
obtained and highlights the resulting trade-offs between cost, transport precision, and
efficiency that can be tuned by the interplay of passive and active stresses in the system.
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Fig. 1. Optimal transport of an active drop. A schematic illustrating our framework to solve the problem of transporting an active drop by minimizing a speciﬁed
cost function, such as the mechanical work. The spatiotemporal proﬁle of activity ζ(x, t) is the control variable, and the transport task involves moving the drop
from position X0 and size R0 to a ﬁnal position XT and size RT in a ﬁnite time T. We employ two complementary approaches: 1) ﬁnite-dimensional optimal control
using Pontryagin’s maximum principle on an ODE-based reduced order model that captures parametrized features of the drop; and 2) constrained numerical
optimization of the nonlinear continuum PDE using a gradient-free evolutionary algorithm, such as CMA-ES (see PDE Control main text).

Mathematical Model for Optimal Droplet
Transport
We describe the dynamics of a slender drop of an active suspension on a solid surface
in the asymptotic limit exemplified by viscous lubrication theory
(23, 24, 25). For simplicity, we consider a two-dimensional (2D)
drop moving in the x direction (see Fig. 2) and neglect gravity by assuming the drop size to be smaller than the capillary length. Fluid incompressibility requires that ∇ · u = ∂x u +
∂z v = 0, where u = (u(x , z , t), v (x , z , t)) is the local flow velocity. Upon depth integrating the incompressibility equation,
and noting the free surface boundary condition v |z =h = ∂t h +
u∂x h|z =h , where h(x , t) is the height profile of the drop, we
obtain the conservation law
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Lubrication Dynamics of an Active Drop.

∂t h + ∂x q = 0.

[1]

Here, the mass flux q = hu, with the average horizontal
h
velocity u = (1/h) 0 dz u. Assuming that there is no addition

Fig. 2. Model of an active drop moving on a substrate. The horizontal ﬂow
velocity u(x, z, t) driven by active internal stresses (σ a ) and surface tension (γ)
adopts a Poiseuille-like proﬁle in the drop interior, characteristic of lubrication
theory. The drop height h(x, t) obeys the continuity equation (Eq. 1) with a ﬂux
q that encodes the constitutive relation (Eq. 3) for how activity drives ﬂuid ﬂow.
The spatial proﬁle of activity (ζ(x, t)) is a simple linear ramp with a constant
oﬀset, allowing for both drop translation and size change (Eq. 7).
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or loss of mass of the drop, we can write this as a global
condition

dx h(x , t) = 1,
[2]
to fix our units of length.
In the low-Reynolds-number regime appropriate for small
viscous drops, we operate in the Stokesian limit, wherein force
balance implies ∇ · σ = 0, where the total stress σ = −pI +
η[∇u + (∇u)T ] + σ a is the sum of the pressure p, a viscous
stress (in a liquid with shear viscosity η), and an active stress.
We assume that the active stress σ a = ζh(n̂n̂ − I/2) (8, 26)
is proportional to the local density ∼ h, while depending on
the local orientation n̂ of anisotropic active agents.* The activity
ζ(x , t) depends on space and time and originates from the density
of force dipoles exerted by elongated active units, which can
be of either sign, with ζ > 0 for contractile systems and ζ < 0
for extensile systems. This form of the active stress is applicable
to drops of coherently swimming dense bacterial suspensions or
ordered collections of motor-protein-driven cytoskeletal filaments
present in synthetic drops or living cells (23, 24). For simplicity,
we shall assume strong ordering along the horizontal direction and
neglect any rapid orientational relaxation to set n̂  x̂ to lowest
order in gradients (|∂x h|  1). The active forcing nonetheless
survives in this limit, as the active stress directly depends on the
local density of the drop (∼ h), unlike previous models (23, 24)
that rely on splay–bend deformations of orientational order.
In the lubrication limit corresponding to a slender drop,
|∂x h|2  1, so that we can neglect longitudinal flow gradients as
|∂x2 u|  |∂z2 u| and |∂x v |  |∂z u|. Then, the stress in the fluid is
dominated by the pressure, which is determined by the capillary
boundary condition on the drop surface σzz |z =h = γ∂x2 h, where
γ is the interfacial tension and yields p = −(ζ/2)h − γ∂x2 h.
Using this in the horizontal force-balance equation, along
with the no-slip (u|z =0 = 0) and free surface (∂z u|z =h = 0)
boundary conditions, yields the horizontal velocity profile
u = z ((2h − z ))∂x σ/2η, where σ = ζh + γ∂x2 h is the effective
* An

isotropic active pressure that is constant across the thickness of the drop does not
change anything, as it can be absorbed into p.
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uniaxial stress. Averaging the velocity through the thickness of the
drop shows that the net flux is
q = hu =

h3
∂x (ζh + γ∂x2 h).
3η

[3]

Eqs. 1 and 3 complemented by boundary and initial conditions
on the height of the film and its derivatives completely describe
the macroscopic dynamics of an active drop on a substrate,
once the activity field ζ(x , t) is specified. For finite drops, in
the neighborhood of the contact line, the boundary conditions
associated with partial slip, prewetting films, and/or finite contact
angles have to be accounted for (27, 28) (SI Appendix). In our
formulation, the passive surface tension γ serves to regulate the
drop curvature, while the (controllable) activity ζ(x , t) enters as
an unknown spatiotemporally varying nonlinear diffusivity, but is
analogous to gravity (27).
The optimal transport of an active drop
requires finding an actuation protocol for the activity profile
ζ(x , t) that moves the drop at a minimal cost. We choose a
physically motivated cost C = W + T , which includes two terms,
an integrated bulk cost that tracks the total mechanical work (W)
done by the active and passive forces and a terminal cost (T )
that penalizes any discrepancy between the final and desired state
of the drop. Within the lubrication approximation, the viscous
dissipation in the drop ∼ η(∂z u)2 is dominated by shear, so that
the total mechanical work is given by
Downloaded from https://www.pnas.org by Harvard Library on September 10, 2022 from IP address 140.247.148.154.

Optimal Transport.





T

W=

dt
0

dx

h3
(∂x σ)2 .
3η

[4]

As expected, the total amount of energy expended and lost
via dissipation by the system is always nonnegative (W ≥ 0).
We note that this is equivalent to stating
 that the 2effective
mechanical energy in the drop E = (1/2)
dx [γ(∂x h) − ζh 2 ]

3
satisfies the condition dE /dt = − dx (h /3η)(∂x σ)2 < 0 if
∂t ζ = 0 and boundary fluxes are absent—i.e., the system is
dissipative. The work done by the active stress alone (Wa =
T 
dt dx hu∂x (ζh)), on the other hand, is not guaranteed
0
to be a well-behaved cost function, as Wa can be of either
sign in general (though Wa = W ≥ 0 when γ = 0), reflecting
the possibility of both energy consumption and extraction from
the nonequilibrium system (29). Here, we have not included the
energy cost required to maintain the active machinery (30); in
the simplest setting, this is proportional to the total amount of
the active fluid, which, in our case, is a constant.
For simplicity, we have assumed that the total time duration T
is fixed, though other strategies, such as minimal time control, are
possible. However, we do account for a terminal cost to minimally
capture the intent of the task, which is to translate the drop by a
fixed distance and control its final spread as well. We incorporate
this in a simple quadratic term

T = μX

X (T ) − XT
XT

2


+ μR

R(T ) − RT
RT

2
,

[5]

where XT and RT are the desired values for the drop center
of mass and the drop size at the end of the transport. The
corresponding penalties are μX and μR for the terminal position
and size terms. As mentioned previously, the drop has compact
support and finite size, which is denoted by R(t), and its position
is given by the center of mass, namely,
PNAS 2022 Vol. 119 No. 35 e2121985119

X (t) =

dx xh(x , t),

[6]

both of which can be evaluated at the final time t = T to compute
T (Eq. 5). We will always set the initial position of the drop to be
at the origin, X (0) = 0, without loss of generality.
It is worthwhile to pause here to compare our formulation of
optimal droplet transport with the classical Monge–Kantorovich
formulation of optimal transport (19–22). Unlike the conventional formulation, where the sole constraint is global mass conservation (Eq. 2), here, we constrain the dynamics to account for
both local mass and momentum conservation. The latter is a direct
consequence of the physics of fluid motion that dictates how the
material responds to local actuation of active stresses, as specified
by Eqs. 1 and 3. As a result, our transport plan does not simply
rely on a registration solution of a static Monge–Ampère equation
(20). A further salient feature worth emphasizing is the parabolic
(diffusive) nature of our dynamics, where the control (activity)
enters as a nonlinear diffusivity by virtue of the geometric reduction intrinsic to drops and thin films. This is distinct from the
hyperbolic (advective) setting present in Benamou–Brennier-style
formulations (22) that employ a hydrodynamic analogy between
optimal transport and inviscid fluid flow, where the velocity field
is the control variable.
Protocol for Optimal Droplet Transport
With this minimal physical framework in hand, how can we
compute the optimal transport policies? We choose two different
routes of solving the problem (Fig. 1). First, we project our nonlinear partial differential equation (PDE) for the drop dynamics (Eqs.
1 and 3) onto a finite number of low order modes that correlate
with the location, size, and shape of the droplet. We propose a
strategy that minimizes or eliminates drift terms in the reduced
description by considering the active controlled dynamics within a
low-dimensional slow manifold that is approximately invariant to
the passive (noncontrolled) forces. The resulting ODEs can then
be handled using standard optimal control theory (31), which we
solve both analytically and numerically. We then compare this
reduced order description to the full PDE model, for which we
analyze the optimal control problem numerically. However, unlike
conventional forward problems that are solved with initial values
in time, the controlled dynamics requires the solution to a much
harder boundary-value problem in time. One way to solve this
problem is to stochastically search for different initializations using
a large number of forward runs to find an appropriate solution
satisfying the required boundary condition. We implement this
using a gradient-free covariance matrix adaptation evolution strategy (CMA-ES) (32), as explained later and in SI Appendix.
For simplicity, we consider a minimal setting, where
the spatial variation of the activity is fixed, but its time variation is
arbitrary. As we are primarily interested in controlling the position
and size of the drop, the simplest spatial variation of activity that
can accomplish both is a linear profile,


x − a(t) 1
ζ(x , t) = ζ0 (t) + Δζ(t)
−
,
[7]
R(t)
2

ODE Control.

where ζ0 (t) is a time-varying mean activity and Δζ(t) is a timevarying gradient in activity (Fig. 2). We choose this specific form,
which depends explicitly on the drop size R(t) and the position of
the left edge of the drop a(t),
so that the (spatial) average activity

in the drop is (1/R(t)) h>0 dx ζ(x , t) = ζ0 (t). We note that
while ζ0 essentially controls the size of the drop, with ζ0 > 0
https://doi.org/10.1073/pnas.2121985119
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leading to contraction and ζ0 < 0 leading to expansion, the linear
gradient in activity Δζ controls the drop translation, the direction
of which is determined by the sign of Δζ. In contrast with recent
works that have explored bulk contractility driven crawling of cells
(25, 33) and shown how it optimizes the mechanical efficiency of
steady motion (30), here, we address the unsteady dynamics and
its control problem.
The relative importance of the active drive versus surface tension is quantified by a dimensionless active capillary number


|Δζ(t)|R(t)2
Caζ =
,
[8]
γ
T
T
where the time average AT = (1/T ) 0 dt A. As will be clear
later, Eq. 8 is akin to the conventional definition of a capillary
number (28), only now with the velocity scale set by the activity
gradient (Δζ), which is essential to drive drop motion.† For
large Caζ  1, active forcing dominates surface tension, and we
can safely neglect boundary effects, while for Caζ ∼ 1 − O(10),
active and passive forces compete, and the equations have to be
generalized to include the dynamics of the contact lines, as detailed
in SI Appendix.
We project the nonlinear PDE (Eqs. 1 and 3) onto a truncated set of modes that we choose so that the resulting ODE
system is as drift-free as possible—i.e., the system lacks dynamics
in the absence of the controls (here, activity). This is achieved
by noting that the flux due to capillary forces vanishes when
∂x3 h(x , t) = 0, and the drop adopts a parabolic profile. This
permits a simple parametrization of the drop profile via two modes
of deformation—a translation in the center of mass X (t) and a
change in the size R(t), which, along with Eq. 2, gives

6
R(t)2
2
h(x , t) =
− (x − X (t)) .
[9]
3
R(t)
4
Note that h(x , t) = 0 at the two ends of the drop, x = X (t) ±
R(t)/2, and vanishes outside this region. While translation is a
genuine zero mode of capillarity, size change of the drop is only
an approximate zero mode that is violated near the boundaries
where wetting and contact-angle physics become important (28).
Nonetheless, by focusing on the bulk dynamics, we obtain a 2D
manifold spanned by X (t) and R(t) that remains approximately
invariant under the action of capillary forces.
Employing a Galerkin approximation (i.e., projecting onto a
local polynomial basis) allows us to compute spatial moments
of the flux q(x , t) and project the continuum equations onto
this manifold to obtain a pair of nonlinearly coupled ODEs
(SI Appendix)
Ẋ (t) =

18Δζ(t)
,
35ηR(t)4

Ṙ(t) = −

24ζ0 (t)
.
7ηR(t)4

[10]

As expected, the mean (ζ0 ) and gradient (Δζ) components of
the active stress independently control the drop size and position,
respectively. By construction, surface tension γ is absent in Eq. 10,
and the equation is drift-free. The existence of optimal controls
is predicated on an important property of the dynamics, namely,
controllability (34, 35)—i.e., the existence of a path connecting
any two points in the state or configuration space, spanned here
†

Similarly, we can deﬁne an active Bond number Boζ = |ζ0 (t)|R(t)2 /γT to characterize
the relative importance of the average activity (associated with size change) compared
to surface tension. Since Caζ is more directly relevant for transport and in most of our
results—for instance, in Fig. 4, both Boζ and Caζ are empirically correlated (not shown),
we do not consider the active Bond number any further.
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by X and R (see SI Appendix for a more detailed explanation).
As the two controls (ζ0 , Δζ) enter linearly and independently,
and the dynamics has no fixed points for nonvanishing controls,
one can easily confirm that Eq. 10 is controllable, allowing us to
guarantee the ability to steer the system from any state to any other
state within the space of drop configurations labeled by (X , R).
The absence of any drift (control-independent) terms presents
a technical advantage, as the system permits a global, rather
than local, notion of controllability, even when the dynamics is
nonlinear (SI Appendix), thereby justifying our mode-reduction
strategy.
For simplicity, we consider the fixed end point problem where
the terminal conditions are imposed strictly (X (T ) = XT ,
R(T ) = RT ), in which case the total cost reduces to the net
dissipation (C = W). The drop parametrization (Eq. 9) allows us
to easily compute the dissipation rate to be

72 2 54 2
1
ζ + Δζ ,
L=
[11]
ηR 6 35 0 77
T
whose time integral gives the cost (W = 0 dt L). As expected,
we obtain a simple sum of squares in terms of the two active
drives, along with a strong size dependence arising from the
geometry of the drop. To solve the optimal control problem, we
employ Pontryagin’s Maximum Principle that provides the necessary conditions for optimality (36) (see SI Appendix for a brief
summary). Upon introducing the costates (Lagrange multipliers)
pX (t) and pR (t) to enforce the dynamical constraints in Eq. 10,
a necessary condition for optimality is the maximization of the
control Hamiltonian
H = pX

18Δζ
24ζ0
− pR
− L,
4
35ηR
7ηR 4

[12]

with respect to the controls (SI Appendix). This gives ζ0∗ =
−5pR R 2 /6 and Δζ ∗ = 11pX R 2 /30, which, when substituted
back into Eq. 12, gives the conserved Hamiltonian H =
H(ζ0∗ , Δζ ∗ ). The candidate extremals for the optimal control
problem satisfy Hamiltonian dynamics in terms of the state
variables (Ẋ = ∂pX H , Ṙ = ∂pR H ) and corresponding costates
(ṗX = −∂X H , ṗR = −∂R H ). For the state variables, this gives
back Eq. 10 driven now by the optimal controls (ζ0∗ , Δζ ∗ );
translational invariance enforces that ∂X H = 0; hence, pX is
conserved along the optimal trajectory.
These coupled dynamical equations along with the initial and
terminal conditions can be solved analytically to obtain the optimal transport protocols (SI Appendix) to displace an active drop by
a distance XT and change its size from R0 to RT in a finite time
interval T . A representative
solution is plotted in Fig. 3A and B
√
for XT = 0.8, R0 = 6 and RT = 3. The first-order necessary
conditions generally allow for nonuniqueness of the candidate
extrema, but we only show the global optimizer in Fig. 3. For the
chosen parameters, the optimal protocol leads to a nonmonotonic
change in drop size (Fig. 3B), first decreasing and later increasing
to reach the final size RT . This is reflected in the sign change of
the mean active stress ζ0 (Fig. 3A), which switches from being
contractile initially (ζ0 > 0) to extensile at later times (ζ0 < 0).
The drop translates smoothly with a maximal velocity precisely
when the drop size is the smallest, even though the drive (Δζ) is
minimal at this point (Fig. 3A). Hence, the drop executes a continuous version of an intuitive gather–move–spread-like strategy that
naturally emerges as an optimal transport plan in our framework.
A simple concentration effect that enhances the active drive in
smaller drops underlies this phenomenon by allowing for faster
pnas.org
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Fig. 3. ODE optimal control. (A and B) Sample trajectories for the globally optimal mean (ζ0 ) and gradient (Δζ) activity
are shown in A, and the associated
√
controlled dynamics for the drop position (X) and size (R) are shown in B. The parameters chosen are XT = 0.8, R0 = 6, RT = 3, T = 1, and η = 0.1. Note that
as η sets a time scale, only the ratio T/η is important. For these parameter values, we see that the size change is nonmonotonic, which is reﬂected in the sign
change in the mean activity ζ0 (t). The initial contractile activity (ζ0 > 0) causes the drop to shrink and consequently accelerate its translation, and, later, the
activity switches over to become extensile (ζ0 < 0) to allow the drop to reach its larger ﬁnal size RT . (C) The phase diagram here represents the feasibility region
for optimal transport of a parabolic active drop, as a function of the nondimensionalized drop displacement (XT /R0 ) and its size disparity (RT /R0 ). The black
curve is the maximum achievable displacement XT for a given relative change in size (RT /R0 ), beyond which no smooth optimal controls exist. Below the black
curve is the feasible region, with the shaded color representing the total work done [nondimensionalized as WT/(ηR40 )] by the globally optimal policy, with
the cost increasing from blue to red. The blue curves in the shaded region demarcate the parameter space where the global optimizer has a monotonic or
nonmonotonic size dependence as a function of time. Nonmonotonic changes in size are favored in the region bordered by the blue and black curves and only
occur when RT > R0 . For RT < R0 , the optimal policies have a monotonic size dependence. The black dot corresponds to the solution shown in A and B.

transport at lower activity. Our solution reveals a further striking
result—for certain values of the target parameters (set by XT
and RT ) with strict terminal constraints, no continuous optimal
policies for the transport problem exist! This does not contradict
the fact that the dynamical system (Eq. 10) is controllable, but,
rather, highlights a subtlety. While controllability guarantees the
presence of a trajectory in configuration space that steers the
drop to its desired final state, and hence the existence of optimal
controls, it does not, in general, guarantee that this transport is
either continuous or achievable in finite time.
As shown by the colored region bounded by the black curve
in Fig. 3C, we have a feasible or reachable regime, where smooth
optimal solutions exist and the net dissipation is finite (shown in
the heat map, with the cost increasing from blue to red), while
in the infeasible region, no smooth solution satisfies the terminal
conditions. The blue curve in Fig. 3C further demarcates the parameter regime where the global optimum corresponds to polices
with a monotonic change in drop size, where the mean activity
(ζ0 ) maintains a fixed sign. These appear either for sufficiently
small displacements or when the final drop size is smaller than the
initial one (RT < R0 ). Nonsmooth protocols can be constructed
to access points in the infeasible region in Fig. 3C, but they lack
a natural parametrization. As a result, the search for an optimal
policy in this larger function space is analytically intractable, and
we focus only on smooth protocols for simplicity. The feasibility
curve can alternatively be viewed as solving a maximin problem,
where we maximize the minimum dissipation protocol over the
translation XT for a fixed change in drop size (RT /R0 ), the
solution for which roughly equipartitions the transport cost (black
curve in Fig. 3C; see SI Appendix for further details).
Keeping surface tension γ = 0, we can extend this analysis to
include simple variations in drop shape via a spatial asymmetry
of the height profile and numerically solve the optimal control
problem using CasADi (37) and numerical continuation schemes
(see SI Appendix for details). Our results show that while small
variations in the drop asymmetry result in smooth optimal policies, similar to those in Fig. 3A, larger values of drop asymmetry
lead to short-wavelength numerical instabilities, as expected when
the surface tension vanishes. Thus, while the dynamics of drop
position and size are captured by the simple ODE model (Eq. 10),
the dynamics of drop shape requires us to account for the inclusion
PNAS 2022 Vol. 119 No. 35 e2121985119

of capillary effects for stability. To accomplish this, we switch to
solving the full PDE model.
PDE Control. As the PDE model permits complex shape change
of the drop, we lift the restriction of the controlled dynamics
on the slow manifold selected by capillarity and allow arbitrary
shape variations by tuning γ (conversely, Caζ ; Eq. 8). In order
to select smooth control policies, we generalize the cost function
C = W + T + R (SI Appendix) to include a regularizing term
R in addition to the total dissipation (W; Eq. 4) and a finite
terminal cost (T with μX , μR < ∞; Eq. 5). The regularization
cost ∼ dt dx (∂t ζ)2 penalizes large temporal variations in
activity (SI Appendix), and it implements a version of minimal
attention control (38). In the presence of a finite surface tension
γ, we must also correctly implement contact-line motion at the
boundary of the drop, which we do by simply introducing a
thin precursor film that coats the entire surface and a disjoining
potential (27) that sets both the film thickness and the equilibrium
contact angle of a sessile drop (see SI Appendix for details). These
additional terms are negligible in the bulk of the drop, but are
dominant near the contact lines, which will become important
when active and capillary forces are comparable (Caζ  O(10)),
similar to recently explored scenarios the context of steady migration of cells (25) in the absence of any dynamic control.
We numerically integrate the dynamical equations using a finite
element method implemented using the FEniCS open-source
package (39, 40) and perform constrained optimization using a
gradient-free CMA-ES (32) (see SI Appendix for details). Multiple
runs are sequentially minimized with independent initializations
for the activity profile, and we choose the lowest-cost solution as
an estimate for the optimum. As before,
√ the drop is initially at
the origin (X0 = 0) with a size R0 = 6, which corresponds to
an equilibrium contact angle of φeq = π/4. The viscosity η = 0.1
and total time T = 1 are fixed in all the runs. To probe the
caliber of the optimal policies obtained across tasks of increasing
difficulty, we vary the imposed drop translation XT along with
the surface tension γ.
For small surface tension or strong active driving (large Caζ ),
the dynamics of the drop is dominated by bulk dissipation. A
typical trajectory of the drop profile (Movie S1) and the controls
is shown in Fig. 4A, for XT = 0.8 and Caζ ∼ 383. The drop
https://doi.org/10.1073/pnas.2121985119
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Fig. 4. PDE optimal control. (A) The optimal activity controls (ζ0 (t), Δζ(t); Left) and corresponding trajectories for the state variables (X(t), R(t); Center) and
the full drop proﬁle (h(x, t); Right), obtained by numerical optimization for small surface tension or large active capillary number (γ = 0.15, Caζ = 383.66).
The drop adopts a strongly asymmetric shape, with an advancing peak and receding tail, like in ref. 25. (B) Similar plots with the optimal activity controls
(ζ0 (t), Δζ(t); Left), and corresponding drop trajectory (X(t), R(t), Center; h(x, t), Right), now obtained for large surface tension or small active capillary number
(γ = 2, Caζ = 30.91). The transport plan fares poorly as the drops fails to reach the desired ﬁnal position and size and wastes a signiﬁcant amount of energy
√
in futile size oscillations (R(t); Center) that don’t aid in transport. Both A and B are computed by using XT = 0.8 and RT = 3 (X0 = 0 and R0 = 6 is kept ﬁxed
throughout), though similar policies are obtained for other values of XT /RT as well. (C–E) The total cost (Copt ; C), eﬃciency (W [Eqs. 13 and 14]; D), and precision
(X(T)/R(T); E) of the numerically computed optimal transport protocol plotted against Caζ , for diﬀerent tasks labeled by increasing XT /RT (blue to green).
Remarkably, the performance curves present an optimal trade-oﬀ in balancing active forces against passive ones to attain improved drop transport plans at
intermediate values of Caζ .

develops a prominent advancing peak and a thin receding tail
(Fig. 4 A, Right and Movie S1), similar to steadily translating
drop shapes recently obtained in ref. 25. The optimal controls
and the drop motion vary smoothly (Fig. 4 A, Left and Center)
and successfully accomplish the transport task. Although the
drop undergoes dramatic shape changes, the optimal controls are
qualitatively consistent with our ODE results (Fig. 3 A and B).
In particular, we note that the mean activity (ζ0 ) changes sign,
switching from contractile to extensile activity, as predicted by our
reduced order description (Fig. 3A). For further comparison, we
also simulate the continuum drop dynamics (Movie S2), using the
optimal activity profile supplied by the ODE solution (Fig. 3A)
for the same parameters. In the regime of applicability of the
reduced order model (corresponding to low values of the surface
tension or, equivalently, large Caζ ), the resulting drop trajectory
(Movie S2) is qualitatively consistent with the solution obtained
from the PDE optimization (Fig. 4A and Movie S1); larger values
of surface tension (smaller Caζ ) lead to a qualitatively different
scenario. As shown in Fig. 4B and Movie S3, for XT = 0.8
and Caζ ∼ 31, the drop remains nearly stationary for a finite
time period, after which it advances by a small amount. This
is reminiscent of “waiting-time” solutions (41) that are present
6 of 8
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in nonlinear diffusion equations of the form we have here. The
drop performs rapid small-scale oscillations of its shape and size
(Fig. 4 B, Center and Right and Movie S3) that arise from a
competition between the active and passive (capillary) forces.
While the active controls drive droplet motion, surface tension
and substrate wetting resist variations in the drop shape and
the contact angle, thereby limiting the translation achieved by
the drop. The resulting “futile” oscillations wastefully dissipate
large amounts of energy, performing poorly in the transport task
(Fig. 4 B, Left and Center). We note that in all the examples
studied, only the final drop position (X (T )) and size (R(T ))
are constrained, but the final shape is not. Nonetheless, upon
cessation of the activity protocol, surface tension will cause the
drop to round up into a parabolic shape (just as it started out)
without any additional energy injection. This allows for a simple
way to recover the sessile drop shape at the end. Although this
passive relaxation will inevitably incur drop translation due to its
asymmetric shape, by extending the control protocol (and, hence,
expending additional energy), it should be possible to compensate
for this passive drop recoil.
The varied optimal strategies obtained upon tuning surface
tension suggests a potential trade-off between active and passive
pnas.org

forces. While large Caζ allows for robust and efficient transport,
it also generates dramatic shape changes, which dissipate excessive
energy. Smaller Caζ restricts shape change, but consequently
dissipates energy into futile oscillations that fail to complete the
transport task. This suggests that an intermediate surface tension
or Caζ would serve as the best choice to tune the optimal transport
plan by balancing active and passive forces. To quantify this tradeoff, we employ three different performance metrics as a function of
Caζ and the task difficulty characterized by increasing XT /RT .
The first is simply the total cost of the optimal solution (Copt ),
plotted in Fig. 4C. Second, we use a simple measure of efficiency
( W ) to quantify the excess dissipation in the optimal solution
(Fig. 4D). We note that, for any arbitrary drop trajectory starting
at the origin, there is a minimal amount of work that must necessarily be expended, given by (see SI Appendix for a derivation)

3η
(Δ(T ) − Δ(0))2
Wmin =
X (T )2 +
, [13]
2
2T h ∞
4ΔT
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where h ∞ = supx ,t h(x , t) is the maximum value of the drop

height attained throughout its trajectory and Δ(t) = dx (x −
X (t))2 h(x , t) is the variance in the drop height, which is related
to the size of the drop (Δ ∝ R 2 ). Note that Eq. 13 is independent
of the rheology and constitutive law for the fluid stress and simply
relies on the existence of a flux q(x , t) that directly determines
the dissipation (SI Appendix). As the work done in the optimal
solution is bounded below by construction (Wopt ≥ Wmin ), we
define the mechanical efficiency for the optimal solution
W

=

Wmin
≤ 1,
Wopt

[14]

which quantifies the extent to which energy is dissipated in internal modes rather than transporting the drop (Fig. 4D). Finally, we
also use the coefficient of variation of the height—i.e., the ratio of
the final displacement to size achieved by the drop, X (T )/R(T ),
as a measure of transport precision (Fig. 4E, solid) and compare
it against the prescribed value XT /RT for a given transport
task (Fig. 4E, dashed). Interestingly, the optimal solutions for
XT /RT = 0.2, 0.27 achieve a higher precision (solid curves,
Fig. 4E) than required by the task (dashed lines, Fig. 4E) across
a large range of Caζ , but this enhanced performance degrades
for larger XT /RT = 0.33, 0.4. As anticipated, all three performance metrics are nonmonotonic and display an optimal tradeoff at intermediate values of Caζ (Fig. 4 C–E), with both the
efficiency and the precision being maximized around Caζ ∼ 100
to 200, while the optimal cost is minimal at a slightly higher
Caζ ∼ 250 to 380. Qualitatively similar trends appear as we vary
the transport task via XT /RT (Fig. 4 C–E), though for larger
values of XT /RT = 0.33, 0.4 (in the infeasible region of the
symmetric ODE optimal transport; Fig. 3C), the performance
curves exhibit more kinks, perhaps suggestive of a rougher cost
landscape with many nearly degenerate local minima when the
task difficulty increases.
Discussion
Complementing classical optimal transportation and its hydrodynamic analogies that use a very specific form of the cost (22),
we have formulated a framework to address questions of optimal
mass transport in physical continua obeying complex dynamical
constraints and illustrated its utility in a simple, yet rich, problem
of transporting a drop of an active suspension by dissipating
the least amount of energy. Our strategy combines a finitedimensional (ODE) description based on a physically motivated
PNAS 2022 Vol. 119 No. 35 e2121985119

mode-reduction scheme, along with the full infinite-dimensional
(PDE) model, both of which we couch within optimal control theory to obtain a tractable and interpretable characterization of the
resulting optimal transport policies. An important outcome is the
prediction of intuitive gather–move–spread-style strategies and
simple trade-offs between active and passive forces that emerge
naturally within our formulation of optimal drop transport,
with implications for a wide range of synthetic and living active
matter.
In active physical systems, magnetically controlled ferrofluid
drops (42–44), digital microfluidic platforms (45), and bicomponent volatile liquids (46) might provide an immediate
platform to deploy our framework. As an example, for ferrofluid
droplets, the active stress would be replaced by a magnetic stress
given by σ m ≈ μ0 Ms H , where μ0 = 4π × 10−7 N/A2 is the
vacuum permeability, Ms ∼ 104 A/m is the ferrofluid saturation
magnetization, and H ∼ 103 to 104 A/m is the magnetic field
strength. Dimensional considerations suggest that small drops
(size R ∼ 1 to 3 mm and height h ∼ 1 mm) with a typical
viscosity η ∼ 0.4 Pa · s and surface tension γ ∼ 10−2 N/m can
easily achieve rapid movement with speeds ∼ 0.1 to 1 mm/s
(42–44) and also change shape by varying the magnetic capillary
number Cam ∼ σ m R 2 /γh ∼ 10 to 100.
In bio-hybrid contexts, our work is directly relevant to the
control of self-propelled drops composed of microtubule-kinesin
nematic gels (4), swimming bacteria (47), and isolated motile cells
(48, 49) that are often viewed as active drops (25, 33, 50, 51). Our
results could also be tested by using optogenetically controlled
living motile cells (52) or in reconstituted active drops (4, 53).
Since the cortical tension of individual cells varies in the range
of γ ∼ 0.1 to 1 mN/m (54) and the characteristic active stress
ζh ∼ 1 kPa (50), Caζ ∼ 102 to 103 for a R = 10 μm size cell
(assuming an average height h ∼ 1 μm), allowing for an exploration of the transport cost versus internal dissipation trade-off
at intermediate Caζ ∼ O(100) that we have uncovered here. This
suggests that contractility driven cellular motility may be optimal,
even beyond steady translation (30), by harnessing dynamic optimal protocols and internally regulating differential contractility
against surface tension. Extensions of our framework can also
easily be used to address the control and patterning of localized
structures, such as defects in active fluids, which has been the focus
of much research in recent years (13, 14, 55, 56).
More broadly, beyond the control of active systems, our formulation of optimal transport offers an alternative choice of transport
metrics that are physically motivated and potentially richer than
the conventional ones (like the L2 -Wasserstein norm) used in
standard optimal transport (20), yet their mathematical properties
remain to be uncovered. A tantalizing possibility is to exploit
thermodynamic analogies connecting minimum dissipation protocols in stochastic systems to optimal transport (57). In this
regard, a generalization of our framework to include fluctuations
within stochastic optimal control (58) would be a promising
future direction.
Data, Materials, and Software Availability.
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1. Controllability and finite dimensional optimal control

16
17
18

We briefly outline the relevant control theoretic notions that allow us to formulate and solve the ODE formulation of the
optimal transport problem. Consider a general dynamical system evolving on a smooth n-dimensional manifold M (the state
space), of the form
ẏ(t) = f0 (y(t)) +

19

m
X

ui (t)fi (y(t)) ,

[S1]

i=1
20
21
22
23
24
25

where ui (t), i = 1, · · · , m are the control variables, f0 (y) is a drift vector field, and V (y) = {fi (y) ∈ Ty M, i = 1, · · · , m} is
the set of nonlinear control vector fields in the tangent space (Ty M) at a point y ∈ M. This system is said to be drift-free
if f0 (y) = 0, and underactuated if there are fewer controls than the dimensionality of the manifold, i.e., m < dim(M) = n.
When m < n, let V = ∪y∈M span (V (y)) ⊂ T M be the m-dimensional restricted sub-bundle within the tangent bundle
T M = ∪y∈M Ty M. In the following, we limit our attention to drift-free systems and state sufficient conditions for the existence
of controls in this setting.
Definition 1.1 (Controllability) Consider the drift-free dynamics
ẏ(t) =

m
X

ui (t)fi (y(t))

[S2]

i=1
26
27

evolving on a smooth n-dimensional manifold M. This system is said to be controllable if there exist controls ui that steer the
state from any initial configuration y0 ∈ M to any final configuration y1 ∈ M.

33

The definition of controllability stated here does not specify the duration required to achieve the state transfer. For the
special case of linear dynamical systems taking the form ẏ = Ay + Bu, controllability implies finite time controllability. In fact
for this dynamics, if a prescribed state transfer is possible, it is possible in arbitrarily small time (1). However, more general
systems such as S2 may be controllable, and yet not finite-time controllable.
For nonlinear dynamical systems such as in Eq. S2, the non-commutativity of the control vector fields (measured by the Lie
bracket) plays a crucial role in determining the controllability of Eq. S1.

34

Definition 1.2 (Lie Bracket) For two vector fields fi (y), fj (y) ∈ V (y), their Lie bracket is defined as

28
29
30
31
32

[fi (y), fj (y)] = ∇y fj (y)fi (y) − ∇y fi (y)fj (y) .

35

36
37
38
39

40
41
42

[S3]

The Lie bracket dictates the tangent direction along which the dynamical system is steered under an infinitesimal cyclic
actuation of the respective modulating controls ui and uj . The Lie algebra generated by the vector fields in V (y), denoted by
{fi (y), 1 ≤ i ≤ m}L.A , is constructed by equipping the vector space V (y) with the Lie bracket operation (Eq. S3).
The theorem of Chow-Rashevsky (2) then provides the sufficient condition for the dynamics to be controllable.
Theorem 1.1 (Chow-Rashevsky theorem) Consider the dynamical system (S2) defined on a smooth manifold M of
dimension n. This system is controllable if for all y ∈ M, there exist n linearly independent vector fields in the Lie algebra
{fi (y), 1 ≤ i ≤ m}L.A. generated by {fi }m
i=1 , that span the tangent space Ty M.

46

Theorem 1.1 provides a test for the global notion of controllability that depends on a local quantity, the Lie bracket. For
dynamics with drift such as in Eq. S1, the ability to steer in any direction in the neighbourhood of a point in M is restricted
by the drift vector field. Hence, in such cases, local notions of accessibility and controllability need to be considered, but we do
not discuss them here for simplicity (see Ref. (2) for a pedagogical introduction).

47

A. Optimal control problem formulation. Consider again a drift-free system (Eq. S2) on the smooth manifold M (dim(M) = n):

43
44
45

ẏ(t) =

48

m
X

ui (t)fi (y(t)) ≡ Ω(y(t))u(t) ,

[S4]

i=1
49
50

51

where Ω(y) = [f1 (y) · · · fm (y)], and u(t) = [u1 (t) · · · um (t)]T . Suppose that our goal is to steer the state from y(0) to y(T )
in finite time T , along a trajectory governed by Eq. S2, while minimizing the cost functional C
ˆ T
C=
dt L(t, y, u) .
[S5]
0

52
53
54
55

In general, the Lagrangian L can depend on the state (y), the controls (u), but also on time (t). In the simplest setting, the
Lagrangian involves a quadratic form L = uT M(y)u with a state dependent positive semi-definite matrix M(y). Furthermore,
if the controls entering L can be related to and eliminated in favour of the state dynamics (using Eq. S4), then the cost function
takes the form
ˆ
T

dt ẏ(t)T g(y(t))ẏ(t) ,

C=

56

[S6]

0
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59
60
61
62
63
64
65

66
67

where g(y) is a symmetric matrix, which when nondegenerate and positive definite, endows the manifold M with a metric
tensor. In the case when m = n and Ω(y) has full rank (so is invertible), g(y) = [Ω(y)−1 ]T M(y)Ω(y) is an n × n symmetric
matrix that provides a Riemannian metric (when nondegenerate) on M. For m < n, the dynamics in Eq. S4 may still admit a
rewriting of the cost as Eq. S6, with g(y) now being an m × m symmetric positive definite matrix that defines a sub-Riemannian
metric on the distribution V ⊂ T M instead (3, 4). In either case, the problem of finding optimal solutions for the steering the
state then reduces to a geometric problem, one of finding a minimizing geodesic connecting the desired initial and final states,
with the appropriate metric g(y) induced by the Lagrangian.
If Eq. S4 is controllable, then there exists a solution to the state transfer problem. With this assumption, we can use
variational calculus to write down the first order necessary conditions for optimality of the controls, which we discuss below.
B. Pontryagin Maximum Principle. For a controllable dynamical system of the form in Eq. S4, Pontryagin’s Maximum Principle
(5, 6) prescribes the first order necessary conditions for optimality.

Theorem 1.2 (Pontryagin’s Maximum Principle (PMP)) Suppose there exist optimal controls u∗ (t) = [u∗1 (t) · · · u∗m (t)]T
that minimize the cost C in Eq. S5 along trajectories satisfying Eq. S4, and the corresponding optimal state trajectory is denoted
as y ∗ (t). Then, there exists a costate trajectory p(t) such that
ẏ ∗ = ∂p H(t, y ∗ , p, u∗ ) ,

68

[S7]

ṗ = −∂y∗ H(t, y ∗ , p, u∗ ) ,

[S8]

H(t, y, p, u∗ ) = max H(t, y, p, u) ,

[S9]

where the Hamiltonian,

69

u
70

is defined as the maximum of the pre-Hamiltonian H over the controls. For the cost in Eq. S5, the pre-Hamiltonian is defined as

71

H(t, y, p, u) = pT Ω(y)u − L(t, y, u) .

[S10]

75

If the system (Eq. S2) is controllable with m < n, and the quadratic cost C can be written in terms of a positive definite
metric g (Eq. S6), then we have an optimal control problem with a sub-Riemannian metric endowed by the cost on the
m-dimensional distribution V spanned by the set of control vector fields. This is called a sub-Riemannian optimal control
problem (4).

76

2. Reduced order dynamics and ODE drop control

72
73
74

77
78
79
80
81
82

83
84

85

86
87

88

89
90
91

92

Here we provide the details of the Galerkin projection calculation to obtain the finite dimensional ODE model of drop dynamics
from the continuum equations. We also derive the optimal control solution for the two parameter (X, R) description of drop
transport, extend the parametrization to account for drop shape and discuss the associated optimal control problem. In
addition to providing a finite dimensional representation, this formulation is also ripe for the direct application of results from
optimal control theory to check feasibility as well as provide, to the extent possible, analytical expressions for the transport
plan.
A. Two parameter
model reduction. The continuum dynamics of the drop is given by a continuity equation for the drop height
´

h(x, t) ( dx h = 1)

∂t h + ∂x q = 0 ,

94
95

h3
∂x (ζh + γ∂x2 h) ,
3η

[S11]

driven by spatiotemporally varying activity ζ(x, t) and a constant surface tension γ. As described in the main text, in the
absence of activity (ζ = 0), the flux vanishes when ∂x3 h = 0, i.e., h(x, t) is parabolic,
6
h(x, t) =
R(t)3



R(t)2
− (x − X(t))2
4


,

[S12]

p
´
and is parametrized by its position (X(t) = dx xh(x, t)) and its size R(t) = 20∆(t) (which is related as to the variance
´
∆(t) = dx (x − X(t))2 h(x, t)). In order to obtain the effective dynamics of the drop in terms of Ẋ and Ṙ, we take moments
of Eq. S11 to get
ˆ X(t)+R(t)/2
ˆ X(t)+R(t)/2
˙
Ẋ(t) =
dx q(x, t) , ∆(t)
=
dx (x − X(t))q(x, t) .
[S13]
X(t)−R(t)/2

93

q=

X(t)−R(t)/2

The limits X(t) ± R(t)/2 are simply the ends of the drop, beyond which h = 0. This provides a closed system of equations to
describe drop dynamics on the parametrized manifold invariant to surface tension flows, upon which the controlled dynamics
steered by activity occurs.
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96
97

B. Two dimensional ODE optimal control. Upon evaluating Eq. S13 along with the activity parametrization (Eq. 4, main text),
we obtain the drop position and size dynamics to be

Ẋ(t) =

98

99
100
101
102
103
104
105
106
107

108
109

114
115
116
117

118
119
120

121
122

H(Ψ, p) ≡ H(Ψ, p, ζ0∗ , ∆ζ ∗ ) =

125
126

127

Ψ̇ =

132

135
136
137

∂H
,
∂p

ρ00 − κ2 ρ = 0 =⇒ ρ(τ ) =

10p2R +

33 2
pX
50



.

[S16]

ṗ = −

∂H
.
∂Ψ

[S17]

RT sinh(κτ ) + R0 sinh[κ(τ (T ) − τ )]
,
sinh[κτ (T )]

[S20]

where we have used the boundary conditions on the drop size (R(0) = R0 , R(T ) = RT ) and defined the (as of yet) undetermined
constant
40η
κ2 =
H0 .
[S21]
7
By imposing the boundary condition on the drop position, we obtain
XT =

33
p0 τ (T ) .
175

[S22]

To compute the value of κ and p0 , we evaluate the conserved Hamiltonian at t = 0 to get
H0 =

1
33 2
10pR (0)2 +
p0
50
7ηR02

h

i

,

[S23]

in which we can plug in the value of pR (0) ≡ P (0) = (7/20)ρ0 (0) = (7κ/20 sinh[κτ (T )]){RT − R0 cosh[κτ (T )]} along with the
expression for p0 (from Eq. S22) to get
XT
=
R0

133

134



with the initial condition τ (0) = 0. Upon writing χ(τ ) = X(t), ρ(τ ) = R(t), P (τ ) = pR (t) and pX = p0 (a constant), we obtain
(primes denote d/dτ )
33
20
χ0 =
p0 , ρ 0 =
P , P 0 = 2ηρH0 ,
[S19]
175
7
where H0 (constant) is the conserved value of the Hamiltonian along the optimal solution. The position equation can be
integrated trivially to give χ(τ ) = (33p0 /175)τ and the last two equations can be combined to give a linear equation for ρ(τ ),

130

131

1
7ηR2

For the state variables Ψ(t), this gives back Eq. S14 driven by the optimal controls (ζ0∗ (t), ∆ζ ∗ (t)). Translational invariance
enforces that ∂X H = 0, hence pX is also conserved along the optimal trajectory.
To obtain analytical expressions for the costate and optimal activity, we reparametrize time to linearize the dynamics. We
define τ (t) so that
1
,
[S18]
τ̇ =
ηR2

128

129

[S14]

The candidate extremals for the optimal control problem are now obtained as solutions to the following Hamiltonian dynamics

123

124

24ζ0 (t)
.
7ηR(t)4

over the controls to get ζ0∗ = −5pR R2 /6 and ∆ζ ∗ = 11pX R2 /30 as the maximizers. When plugged back into Eq. S15, this
gives the conserved Hamiltonian (as it doesn’t depend explicitly on time)

112

113

Ṙ(t) = −

As expected, the mean and gradient components of the active stress independently control the drop size and position respectively.
This, together with non-vanishing control vector fields for finite R, trivially ensure controllability. For simplicity,
we shall
´T
consider the fixed end point problem, in which case the cost C = W is simply the net dissipation, W = 0 dt L, where the
Lagrangian is L = (1/ηR6 )[(72/35)ζ02 + (54/77)∆ζ 2 ]. The Lagrangian is simply quadratic in the controls (ζ, ∆ζ), and has
a strong size dependence due to the nonlinear dependence of the dissipation and friction on the height of the drop. Upon
denoting the state vector as Ψ(t) = [X(t) R(t)]T and the costate (Lagrange multipliers) as p(t) = [pX (t) pR (t)]T to enforce
the dynamical constraints in Eq. S14, a necessary condition for optimality is given by PMP. We then maximize the control
Hamiltonian
18∆ζ
24ζ0
H(Ψ, p, ζ0 , ∆ζ) = pX
− pR
−L,
[S15]
35ηR4
7ηR4

110

111

18∆ζ(t)
,
35ηR(t)4

r

33s2
500 sinh2 s

h

RT
R0



2 cosh s −

RT
R0



i



− 1 ≡ F s,

RT
R0



,

[S24]

where s = κτ (T ) > 0 is the unknown to be solved for. Remarkably, this equation lacks any real solution for s > 0 if XT /R0 is
sufficiently large for a given ratio RT /R0 . One can show that Eq. S24 in general has either two positive solutions, one positive
solution or none. By using the locus of coinciding solutions, we can compute the envelope curve of the maximal displacement
for a given size change, above which Eq. S24 has no real solutions. This determines the feasibility curve for smooth optimal
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Fig. S1. The parametrization of the drop height (Eq. S27) in terms of its position (X , here centered to the origin), size (R) and an asymmetry (ν ) that captures a tilt in the drop
profile. For ν = 0, we have a symmetric parabolic drop, and for ν = ±1 (the extremes), we have a right or left leaning drop respectively. The asymmetry ν is related to the
trailing (left most) contact angle φ of the drop, via ν = 1 − (R2 φ/6).

138
139

policies (at least C 2 regularity) which is shown in Fig. 3C (main text). For large size disparities RT /R0 → ∞, we can compute
the asymptotic behaviour of this bounding curve to be a weak logarithm,


140

141
142
143

144
145

146
147
148

XT
R0

r



'
max

33
2RT
ln
500
R0







RT
→∞
R0



.

By solving Eq. S24 numerically for s = κτ (T ), when it exists, we can use the final relation between τ (T ) and T (by integrating
Eq. S18) to get
 T
τ (T )  2
.
[S26]
(R0 + RT2 )(sinh(2s) − 2s) + 4R0 RT (s cosh s − sinh s) =
η
4s sinh2 s
This directly gives τ (T ) and hence κ (by using the now known value of s) and also H0 , thereby completing the full solution.
Representative curves for the control and state dynamics are plotted in Fig. 2A-B, main text.
C. Three parameter model reduction. Here we extend our previous calculation to include a third variable that captures changes
in drop shape, in addition to position and size. We parametrize the shape of the drop´ using a cubic polynomial that additionally
captures the drop asymmetry, i.e., a tilting of the drop (see Fig. S1). Upon using dx h = 1, we obtain



149

[S25]

h(x, t) =

12ν(t)
R(t)(1 − ν(t))
(x − a(t))(a(t) + R(t) − x) x − a(t) +
R(t)4
2ν(t)


,

[S27]

where a(t) = X(t) − (R(t)/2) − R(t)ν(t)/10 is the trailing (left most) end of the drop and the dimensionless asymmetry
ν ∈ [−1, 1] is related to the trailing (left most) contact angle φ(t) of a right moving drop via ν(t) = 1 − R(t)2 φ(t)/6 (see
Fig. S1). Note that h = 0 at the two ends of the drop, x = a and x = a + R, and vanishes outside this region. The drop
asymmetry is restricted to the interval ν ∈ [−1, 1] to ensure the height in Eq. S27 is always positive. While the extreme limits
of ν = ±1 correspond to a´right and left leaning drop respectively (Fig. S1), for ν = 0, the drop has a symmetric parabolic
profile. The position X = dx xh is still directly given by the mean, while the size R(t) and asymmetry ν(t) of the drop can
be related to the next two spatial moments of the height field h(x, t) via
ˆ
R2
∆ = dx (x − X)2 h =
[5 − ν 2 ] ,
[S28]
100
ˆ
R3
Φ = dx (x − X)3 h =
ν[7ν 2 − 15] .
[S29]
3500
We can similarly compute spatial moments of the flux q(x, t) to obtain
ˆ a(t)+R(t)
Ẋ(t) =
dx q(x, t) ,

[S30]

a(t)

ˆ

a(t)+R(t)

˙
∆(t)
=2

dx (x − X(t))q(x, t) ,

[S31]

a(t)

ˆ

a(t)+R(t)

dx (x − X(t))2 − ∆(t) q(x, t) .



Φ̇(t) = 3



[S32]

a(t)
150
151

These equations can be inverted using Eqs. S28, S29 to obtain the complete and closed set of nonlinear dynamical equations
governing the evolution of the drop position X(t), size R(t) and tilt ν(t). If we set ν = 0 by fiat and neglect ν̇, then we recover
Suraj Shankar, Vidya Raju, and L. Mahadevan
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Fig. S2. Solution to the three dimensional ODE optimal control problem with the asymmetry variable (ν(t)) forced to be close to zero (when λ = 105 ) recovers the
gather-move-spread strategy. The optimal control problem was solved using CasADi (7) with time step dt = 10−3 . The final position was imposed as a hard terminal
constraint, while the size constraint was imposed by a quadratic terminal cost with µR = 9 × 10−6 .

158

the coupled (X, R) dynamics given in Eq. S14. Note that, the low order Galerkin approximation employed here works best in
the bulk of the drop and cannot capture boundary phenomena that occur close to the contact line. While the symmetric drop
parametrized by just X, R (Eq. S12) corresponds to an effective zero mode of capillary forces (atleast within the bulk of the
drop, size change is affected by γ when the contact angle and boundary effects are taken into account), in the presence of drop
asymmetry (ν 6= 0), this is no longer the case and surface tension forces will be present even in the bulk of the drop. In order
to avoid complications from surface tension and wetting related boundary effects, we set γ = 0 for simplicity here and consider
only the high active capillary number limit (Caζ  1).

159

D. Three dimensional ODE optimal control. The configuration space of the drop is now characterized by a three dimensional

152
153
154
155
156
157

160
161
162
163

manifold M comprising the state variables X, R and ν. We denote the state by a column vector Ψ(t) = [X(t) R(t) ν(t)]T
evolving in M = R × R+ × [−1, 1], whose dynamics constitutes a time-invariant, drift-free, and underactuated nonlinear
dynamical system, given by
Ψ̇(t) = ζ0 (t)F (Ψ(t)) + ∆ζ(t)G(Ψ(t)) ,
[S33]
where F (Ψ), G(Ψ) are nonlinear control vector fields, constituting two tangent directions that are independently controlled by
the mean and gradient components of the activity



F (Ψ) =



0
1  FR 
1

 = ηR4
Fν
ηR4
R












GX

1  GR 
1 
G(Ψ) =
 G  = ηR4 

ηR4
ν

R
164
165
166
167
168
169
170
171
172
173
174
175
176
177
178



0
24[224 − (1 − ν )(448 − 81(1 − ν 2 ))] 

 ,
1001(1 − ν 2 )
2
2
1 768ν[28 + (1 − ν )(14 − 3(1 − ν ))] 
λR
1001(1 − ν 2 )
18
[224 − 3(1 − ν 2 )(28 − (1 − ν 2 ))]
5005
12ν[352 − (1 − ν 2 )(80 − (1 − ν 2 ))]
−
1001(1 − ν 2 )
1 24[704 + (1 − ν 2 )(32 − (1 − ν 2 )(104 − 5(1 − ν 2 )))]
−
λR
1001(1 − ν 2 )
2

[S34]




 .



[S35]

Note that elements of F (Ψ) and G(Ψ) depend only on the size and asymmetry of the drop and are independent of its position,
as expected from translational invariance. Interestingly though, F doesn’t contribute to Ẋ, i.e., even when the drop is spatially
asymmetric (ν 6= 0), a mean activity (ζ0 =
6 0) does not generate translation, although this is not prohibited by the Curie
principle (8). We have introduced an additional continuation parameter λ in the dynamics of ν alone, that we tune from
λ = ∞ to λ = 1 within a homotopy continuation scheme. In the λ = ∞ limit, we recover the symmetric drop system for which
we have exact analytical optimal controls provided in Sec. B. Upon decreasing λ with concurrent numerical optimization using
CasADi (7), we progressively deform the known symmetric drop optimal solution into the required optimal policy for the
√ three
parameter problem when λ = 1. As before, we assume the initial location of the drop is X0 = 0, and initial size R0 = 6. The
final position and size are also fixed to be XT = 0.8 and RT = 3. While we impose a fixed end-point condition on the position
(X(T ) = XT ), we relax the terminal constraint on size with a finite cost µR = 9 × 10−6 and leave ν(T ) as a free, unconstrained
variable.
We verify controllability symbolically using Mathematica (9) by checking that {F, G, [F, G]} constitute a basis spanning the
tangent space everywhere in the drop configuration space, int(M) = R × (0, ∞) × (−1, 1). Hence Eq. S33 is controllable and
presents an underactuated sub-Riemannian optimal control problem. This implies that there exist controls (ζ0 , ∆ζ) that can
steer any state Ψ1 into any other state Ψ2 in the drop configuration space.
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179

The net dissipation is once again W =

´T

dt L, with the Lagrangian

0

L=

180

1 T
u Mu ,
ηR6

[S36]

where u = [ζ ∆ζ]T and M is a 2 × 2 symmetric matrix with entries


72 
32 − 3(1 − ν 2 ) 8 − (1 − ν 2 ) ,
385


72
M12 (ν) = −
ν 160 − 3(1 − ν 2 ) 24 − (1 − ν 2 ) ,
10010

18 
M22 (ν) =
416 − (1 − ν 2 )(248 − 27(1 − ν 2 )) .
5005
M11 (ν) =

[S37]
[S38]
[S39]

One can easily check by explicit diagonalization that M is always positive definite and nondegenerate (det(M) 6= 0) for all
ν ∈ [−1, 1]. Compactly, the dynamics can be written as Ψ̇ = Ω(Ψ)u , where
Ω(Ψ) = [F G]
1
=
ηR6

"

0
R FR
RFν
2

R2 GX
R2 GR
RGν

#
.

[S40]

Further, let V1 = RpR FR + pν Fν and V2 = RpX GX + RpR GR + pν Gν , and ṽ = [V1 V2 ]T so that w = Rṽ. The pre-Hamiltonian
H(Ψ, p, u), and the optimal control u∗ obtained by its maximization is given as


1  T
w u − uT Mu ,
6
ηR
1
∗
u = M−1 w ,
2

H(Ψ, p, u) =

181

so that the Hamiltonian is
H(Ψ, p, u∗ ) =

182

[S41]
[S42]

1
wT M−1 w .
4ηR6

[S43]

From this, we can write the co-state equations as
ṗX = 0 ,

[S44]

∂H
ṗR = −
∂R

=−
=
where

−

6H
1
∂w
+
2wT M−1
R
4ηR6
∂R



1
∂ ṽ
6H
−
wT M−1 ṽ + R
R
2ηR6
∂R

h

i

,

[S45]

∂ ṽ
= [p2 FR p1 GX + p2 GR ]T . Moreover,
∂R
∂H
∂ν 

−1
1
T
−1 ∂w
T ∂M
=−
2w
M
+
w
w
.
4ηR6
∂ν
∂ν

ṗν = −

183
184
185
186
187
188
189
190
191
192

[S46]

We find the solution to the optimal transport problem by using CasADi (7). A fourth order Runge-Kutta method is used to
simulate the dynamics, using time step dt = 10−3 . As the optimal control solutions scale with the viscosity, we set η = 0.1 for
computational convenience, without loss of generality. Since the initialization of the solver affects the optimal control solution
obtained, we obtain the optimal solution presented in Fig. S3 from initial guesses for the controls: two optimal solutions for the
symmetric drop and 100 randomized initial values of the control parameters at each time of discretization, uniformly sampled
in the interval [−0.5, 0.5]. The mean stress becomes activated during earlier times causing non-monotonic changes in the drop
size while the gradient component remains close to zero, where during later durations of the transport, the gradient stress
drives the drop to its prescribed final location, while the shape undergoes significant change from that of a symmetric drop to a
highly asymmetric one. As expected, in the limit of λ → ∞ (ν̇, ν → 0), the protocol for the optimal transportation of the drop
recovers the analytical strategy described for the symmetric drop (Fig. S2).
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Fig. S3. Sensitivity of the optimal control solution to the parameter λ in the equation for asymmetry variable ν . The optimal solutions to the drop transport using three
dimensional ODE model are obtained via sequentially optimizing while varying λ from 105 to 1, with the solver at the first iteration initialized by the solution to the optimal
transport for the symmetric drop. The optimal control problems were solved in CasADi with time step 0.001. Plots (a)-(f) and (g)-(l) respectively show the solution to the
sequential optimization problem starting with the two symmetric solutions from the two dimensional ODE optimal control problem. While the algorithm converges for initialization
based on the first symmetric solution when λ = 1 corresponding to the asymmetric drop model, it does not for the second solution. We observe that in both cases for smaller
values of λ, the drop undergoes rapid changes in size (R) and shape (ν ), thereby affecting the numerical stability of the optimization.
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193
194
195
196
197
198
199
200

3. PDE optimal control
The numerical optimization with the PDE constraint is carried out with the evolutionary algorithm CMA-ES (10), using a
standard Python implementation called pycma (11). The strategy involves solving a large number of forward problems with
randomly sampled controls and evolving the population to optimize a given cost, which dictates the fitness landscape. We
discretize and solve the PDE as a forward problem using the finite element method in FEniCS (12, 13). We choose the domain
to be an interval of length L = 8 with a step size dx ≈ 0.01 (resolution N = 800). We use a mixed semi-implicit scheme treating
the nonlinear mobility explicitly using a second order Adams-Bashforth method and the linear stress tensor via Crank-Nicolson.
Upon choosing dt = 5 × 10−3 as the integration time-step and a total time T = 1, we use the following weak form of the PDE,

D
201

202
203
204
205
206
207

208

hn+1 − hn
dt



E

, v1 − qn+1/2 , ∂x v1 = 0 ,

[S47]

´
where qn+1/2 is the flux evaluated in the middle of the time step and the inner product is hf, gi = dx f g. We use second order
Lagrange elements for our function space basis. To avoid solving a nonlinear equation, we evaluate the flux in a semi-linear
fashion as


qn+1/2 = Γ(h∗ ) ∂x σ(hn+1/2 ) − Π0 (h∗ )∂x hn+1/2 ,
[S48]
where h∗ = (3hn − hn−1 )/2, hn+1/2 = (hn + hn+1 )/2. The mobility Γ is regularized to preserve positivity of the solution (given
a compliant initial condition) as (14, 15)
h4 m(h)
,
h4 + m(h)

Γ(h) =

m(h) =

h3
,
3η

[S49]

with  = 10−8 and viscosity η = 0.1. The stress σ includes both active and passive (capillary) contributions, with the latter
providing numerical stability as well,

209
210
211
212

213

214
215
216
217
218
219

220

σ(h) = ζh + γµ ,

[S50]

hµ, v2 i + h∂x h, ∂x v2 i = 0 .

[S51]

Both test functions, v1 and v2 belong to the same function space spanned by second order Lagrange elements. Hence we solve
for the higher gradient term µ = ∂x2 h in weak form simultaneously with the continuity equation above. The constant surface
tension is varied over the range γ = 0.075 − 2. We also include a disjoining pressure Π(h) (16) to fix the contact angle for a
passive, sessile drop. Along with a precursor film of thickness δ = 10−2 , we have (17–19)
Π(h) =

A
h3



1−

222
223



,

Π0 (h) =

A
(4δ − 3h) ,
h5

[S52]

where A = 3γδ 2 tan2 φ0 , where φ0 is the required contact angle. This expression works better than 6γδ 2 (1 − cos φ0 ) (19) to
which it is equivalent for small angles (φ0  1). We set φ0 = π/4 to be the equilibrium contact angle.
The boundary conditions are ∂x h = 0 and M ∂x σ = 0 at the ends of the domain (not the drop). Note, we do not track
the
´ contact line separately. Mass is naturally conserved within this formulation, which we check numerically as well. We fix
dx h(x) = 1 with the integral spanning the whole domain. The initial condition is a symmetric drop centered around the
origin X0 = 0 with size R0 ,


 2


δ + 63 [1 − R0 δ] R0 − x2 ,
4
R0
h(x) =
h
i
R
R

0
0
δ , x ∈
/ −
,
2

221

δ
h

h

x∈ −

i
.

[S53]

2

p

The initial size is fixed by the equilibrium contact angle to be R0 = 6/ tan φ0 =
the stable steady state of the passive dynamics if the activity is turned off.
The activity ζ is taken to be a linear profile in space
ζ(x, t) = ζ1 (t) + ζ2 (t)x .

224

R0 R0
,
2 2

√
6. We checked that this initial condition is

[S54]

Note that this is in the lab frame over the entire domain and not in the drop fixed comoving frame (Eq. 4, main text). While
the latter is more convenient to use for the analytical calculations, it is numerically easier to use the entirely equivalent lab
fixed parametrization. The mean and gradient activity (ζ0 , ∆ζ) and the drop position and size (X, R) are computed using
ˆ
1
ζ0 =
dx ζΘ(h − δc ) , ∆ζ = ζ2 R
[S55]
R
ˆ
ˆ
X = dx xh , R = dx Θ(h − δc ) ,
[S56]
225
226

where Θ(x) is the Heaviside step function, and δc = 1.1δ = 1.1 × 10−2 is a threshold cutoff to separate the prewetting film
from the drop. We use a real element with one global degree of freedom to represent ζ1 and ζ2 and choose to discretize the
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control with a coarser time-step than required for a numerically stable integration of the PDE. This keeps the optimization
manageable and avoids excessively high-dimensional searches. The control is actuated at Nc = 100 equi-spaced time points,
and is linearly interpolated in between.
The cost function C = W + T + R involves a time integrated cost from the net dissipated energy (W), a terminal cost (T )
and a regularizing term (R), which are given by
ˆ T ˆ
h3
W=
dt dx
[∂x (σ − Π)]2 ,
[S57]
3η
0
ˆ T 

α
dt (∂t ζ1 )2 + (∂t ζ2 )2 ,
[S58]
R=
Nc 0

227
228
229


T = µX

X(T ) − XT
XT

2


+ µR

R(T ) − RT
RT

2
.

[S59]

We use a trapezoidal rule to discretize the temporal integral in W and the spatial integral is computed using standard Gauss
quadrature in FEniCS. The temporal regularization term R is computed easily by noting that the control is piecewise linear.
Note that, R → 0 as Nc → ∞ for fixed α and bounded time derivatives of the activity. The regularization term is used to
select smoother controls and is reminiscent of minimal attention control (20). If the total cost is infinite or negative, or if h < 0
at any spatial point at any time, we set it to NaN, forcing CMA-ES to discard the run and reevaluate it for a random sampling
of activity. We fix the following parameters,
√
[S60]
X0 = 0 , R0 = 6 , RT = 3.0 , η = 0.1 , T = 1 , µX = µR = 103 ,

230
231
232
233
234
235

236

and vary both the surface tension (γ = 0.075 − 2) and the terminal drop position (XT = 0.6, 0.8, 1.0, 1.2). For the parameters
chosen, both XT = 0.6, 0.8 correspond to transport tasks for which we have a symmetric solution, while for XT = 1.0, 1.2, the
symmetric solution doesn’t exist. We use multiple initializations for the optimization routine, including the two solutions (one
global and one local optimum) we obtain from the symmetric problem (for the parameters where this is unavailable, we use
the closest available symmetric solutions using XT = 0.9, RT = 3 instead), two independent sets of random activity and a
sequential minimization using the best solution obtained. The random activity initializations are uniformly sampled from the
interval [−ζmax /4, ζmax /4], where ζmax = 20 is the maximum permitted value of the activity to avoid numerical blow-up. We
use an initial standard deviation Σdev = 0.2 for both ζ1 and ζ2 , along with a default population size of Npop = 19. The repeated
function calls over the random population are parallelized over Npop cores using Python’s multiprocessing pool module. The
maximum number of iterations is fixed at Miter = 106 and we set the convergence criteria to be

237
238
239
240
241
242
243
244
245
246

0
min
∆C ≤ tol Cmedian
− Cmedian

247



,

[S61]

0
where ∆C = max(C) − min(C) is the current spread in the fitness function, Cmedian
is the median of the initial fitness distribution
min
and Cmedian
is the smallest median fitness encountered throughout the optimization trajectory. We choose tol = 10−4 .

248
249

4. Minimal dissipation bound

250

Here we derive the general bound on the minimal amount of energy that must be dissipated if a drop with bounded height
achieves a nonzero displacement and size change. Consider
a positive and bounded height function h(x, t) ≥ 0 with compact
´
nonvanishing support (∀t ∈ [0, T ]) and net unit mass ( dx h = 1) obeying the continuity equation

251
252
253

∂t h + ∂x q = 0 ,

254

q = hhui =

h3
∂x σ ,
3η

[S62]

driven by some arbitrary stress σ = σ(x, t, h, ∂x h, · · · ). Note, we do not specify the rheological constitutive equation for σ, nor
the form of the control, so the description is entirely general to bulk stress driven drop motion∗ . The net dissipation in the
drop is simply
ˆ T ˆ
ˆ T ˆ
q2
W=
dt dx hhui∂x σ = 3η
dt dx 3 ,
[S63]
h
0
0
´
˙
once
´ again irrespective of the constitutive
´ relation for σ. From Eqs. S30
´ and S31, we know that Ẋ = dx q and ∆ =
2 dx (x − X)q, where the position is X = dx xh and the variance is ∆ = dx (x − X)2 h. These are all finite as h is assumed
to have compact support at all times. Upon integrating Ẋ and using X(0) = X0 = 0 without loss of generality, we obtain,

255
256
257

258

259
260
261

ˆ
|X(T )| =

262

t,x

where

263

´
t,x

264

=

´T
0

dt

´

s

ˆ
t,x

q2
h2

ˆ
h2 ,

[S64]

t,x

dx and we have used the Cauchy-Schwarz inequality. We can now use Hölder’s inequality to write
ˆ
ˆ
h2 ≤ khk∞
h = T khk∞ ,
[S65]
t,x

∗

q
h ≤
h

 

t,x

Drop motion driven by marangoni forces or differential surface wetting are not included in this formalism as they appear as body forces and not stresses in lubrication theory.
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265
266
267
268

269

where khk∞ = supx,t h(x, t) is the maximum height achieved by the drop at any point along its trajectory (guaranteed to be
finite by mass conservation and the nonvanishing compact support). Similarly, we can use Eq. S63 and Hölder’s inequality
again to write
ˆ
ˆ
W
q2
q2
≤ khk∞
= khk∞
.
[S66]
2
3
h
h
3η
t,x
t,x
Upon combining Eqs. S64-S66 we get
X(T )2 ≤ khk2∞

270

271

TW
.
3η

We can perform a similar calculation for the variance ∆. This gives (using the Cauchy-Schwarz inequality)
ˆ

ˆ

s
q(x − X) ≤ 2

|∆(T ) − ∆(0)| = 2

272

t,x
273

274

t,x

|∆(T ) − ∆(0)|2 ≤ 4

280

282
283
284
285
286

287
288
289
290
291
292
293

[S68]

[S69]

TW
khk2∞ h∆iT .
3η

[S70]

By combining Eqs. S67, S70, we obtain the desired lower bound on the dissipation to be
Wmin

278

281

h2 (x − X)2 .
t,x

0

|∆(T ) − ∆(0)|2
3η
≡
X(T )2 +
2
4h∆iT
2T khk∞



279

ˆ

with h∆iT as the time averaged variance of the drop (also finite). This gives

276

277

q2
h2

Hölder’s inequality can now be used to simplify the right hand side,
ˆ T
ˆ
dt ∆(t) = khk∞ T h∆iT ,
h2 (x − X)2 ≤ khk∞
t,x

275

[S67]


≤W.

[S71]

5. Supplementary Movies
Movie S1. Video showing the activity controls {ζ0 (t), ∆ζ(t)}, the state trajectory {X(t), R(t)} and full drop
profile h(x, t) corresponding to the optimal solution computed using CMA-ES for a large active capillary
number (Caζ = 383.66), or conversely small surface tension (γ = 0.15). The optimal policy qualitatively
employs a “gather-move-spread” strategy, though now with complex
shape changes of the drop. The drop
√
is initialized as a parabola centered at X0 = 0, with size R0 = 6 (equilibrium contact angle φeq = π/4) with
terminal position and size fixed to XT = 0.8 and RT = 3 respectively. The viscosity (η = 0.1) and the total time
(T = 1) are fixed as well.
Movie S2. Video showing the activity controls {ζ0 (t), ∆ζ(t)}, the state trajectory {X(t), R(t)} and full drop
profile h(x, t) corresponding to the optimal solution computed from the reduced order ODE model in Eq. 10.
The activity profile plotted in Fig. 3A is used as the input for the simulation and the surface tension is set
to a small value (γ = 0.15)
√ as appropriate for the validity of the ODE model. All other parameters are kept
the same (X0 = 0, R0 = 6, XT = 0.8, RT = 3, η = 0.1, T = 1) The drop trajectory is qualitatively similar to the
full optimal solution (shown in Movie S1 and Fig. 4A) but not quantitatively accurate, for instance, the final
drop position and size only reach about half the values set by the task.

300

Movie S3. Video showing the activity controls {ζ0 (t), ∆ζ(t)}, the state trajectory {X(t), R(t)} and full drop
profile h(x, t) corresponding to the optimal solution computed using CMA-ES for a small active capillary
number (Caζ = 30.91), or conversely small surface tension (γ = 2). The optimal policy is now quite different,
with futile size oscillations that initially dissipate energy without translation and a final activity burst that
advances
√ the drop at the end of the policy. The drop is initialized as a parabola centered at X0 = 0, with size
R0 = 6 (equilibrium contact angle φeq = π/4) and the terminal position and size are XT = 0.8 and RT = 3
respectively. The viscosity (η = 0.1) and the total time (T = 1) are fixed as well.
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