
Active Nematic Defects and Epithelial Morphogenesis

Farzan Vafa 1,2 and L. Mahadevan 3,4

1Department of Physics, University of California Santa Barbara, Santa Barbara, California 93106, USA
2Center of Mathematical Sciences and Applications, Harvard University, Cambridge, Massachusetts 02138, USA

3School of Engineering and Applied Sciences, Harvard University, Cambridge, Massachusetts 02138, USA
4Departments of Physics, and Organismic and Evolutionary Biology, Harvard University, Cambridge, Massachusetts 02138, USA

(Received 14 May 2021; revised 11 April 2022; accepted 25 May 2022; published 26 August 2022)

Inspired by recent experiments that highlight the role of nematic defects in the morphogenesis of
epithelial tissues, we develop a minimal framework to study the dynamics of an active curved surface
driven by its nematic texture. Allowing the surface to evolve via relaxational dynamics leads to a theory
linking nematic defect dynamics, cellular division rates, and Gaussian curvature. Regions of large positive
(negative) curvature and positive (negative) growth are colocalized with the presence of positive (negative)
defects. In an ex-vivo setting of cultured murine neural progenitor cells, we show that our framework is
consistent with the observed cell accumulation at positive defects and depletion at negative defects. In an
in-vivo setting, we show that the defect configuration consisting of a bound þ1 defect state, which is
stabilized by activity, surrounded by two −1=2 defects can create a stationary ring configuration of
tentacles, consistent with observations of a basal marine invertebrate Hydra.
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Morphogenesis, the development of a self-organized
form in biology, results from the complex interplay of
mechanical and biochemical processes [1–3]. To under-
stand the dynamics of form, we need to complement our
knowledge of the molecular constituents that unify many
developmental programs with coarse-grained theories that
couple flows, forces, and self-regulation to generate shape
and link them to testable experimental predictions [4–7]. At
the cellular level, there are four geometric fields—cell
number, size, shape, and position—that vary in space and
time and are responsible for generating shape. In plant
tissues, where cells do not change their relative positions,
there has been much progress in linking molecular and
cellular processes to tissue shaping [8,9], while in animal
tissues, the ability to tag and track thousands of cells in
space and time [10–12] allow us to begin answering similar
questions linking cellular processes to tissue shape [13–15].
A particularly intriguing question in thin layered

epithelial tissues is the role of topological defects in
controlling morphogenesis, seen in experimental observa-
tions of cell extrusion [16,17], layer formation [18], and
body shaping using bulges, pits, and tentacles [19].
Complementing work on the role of defects in passive
surfaces that allow the induced geometry to relax e.g.,
[20–22], here we address how topological defects couple
to the intrinsic geometry of surfaces (Fig. 1) via a minimal
theory for the relaxational dynamics of the intrinsic geom-
etry of active epithelial surfaces (see Ref. [23] for a recent
review). Our model of epithelial layers is a dynamical theory
of active nematics, which consist of head-tail symmetric,
elongated units that consume energy to move and do work

on their surroundings, while still tending to align, locally
generating nematic (apolar) order [24–26]. Like their passive
counterparts, active nematics exhibit singular distortions,
i.e., topological defects which interrupt the nematic order
(see Supplemental Material (SM) [27], Elementary topo-
logical defects and their bound states, for a brief overview).
A minimal model that couples the relevant degrees of

freedom in an active system must allow for spatiotemporal
variations in the two-dimensional nematic tensor Qab, an

FIG. 1. Schematic of our model. Epithelial activity driven by a
nematic texture leads to a flow field that drives nematic defects.
The defects then induce variations in the intrinsic metric and
thence changes in the 3D embedding of the epithelial surface.
Image of Hydra in the center, adapted from [28].
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active velocity field va determined by the local nematic
field, and the geometry of the sheet, characterized by its 2D
metric gab (which can be deduced from tissue geometry),
and its embedding in three dimensions. For simplicity, we
will assume that how the surface sits in 3D (the extrinsic
geometry) can be deduced entirely by the shape of the 2D
surface (the intrinsic geometry), and that the dynamics of
the other fields follows a combination of variations in the
free energy and active flow dynamics.
The two main contributions to the free energy that we

consider are due to (i) the nematic tensor Qab ¼
A½n̂an̂b − 1

2
δab�, where A is the magnitude of the nematic

order and n̂μ is the local director field (ii) the metric gab. Then
the total free energy F is the sum of contributions from the
nematic field as well as from the intrinsic metric, with
F ¼ FQ þ F g. Here, the two-dimensional Landau-de
Gennes free energy [29],FQ, in its covariant form, is given by

FQ ¼
Z

d2x
ffiffiffi
g

p �
K̃gbd∇aQab∇cQcd − K0RTr½Q2�

þ 1

4
ϵ−2ð1 − 2gbcgadQabQcdÞ2

�

¼
Z

d2x
ffiffiffi
g

p �
K̃ Tr½ð∇ ·QÞ2� − K0RTr½Q2�

þ 1

4
ϵ−2ð1 − 2Tr½Q2�Þ2

�
ð1Þ

where gab is themetric,∇a is the covariant derivative, andR is
the scalar curvature.Here K̃ is the Frank elasticity parameter in
the single-constant approximation, K0 > 0 is a curvature
elasticity that can be viewed as a geometric contribution to
the potential: with R > 0 (< 0), this term favors a ordered
(disordered) state, while the last term governs the isotropic-
nematic transition, with ϵ controlling the microscopic nematic
correlation length [30]. We further assume that the surface
relaxes via relaxational dynamics analogous to diffusion; a
naturally invariant form is then given by Ricci flow [31],

∂tgab ¼ −DRab þ λgab ð2Þ

where Rab is the Ricci tensor (which in 2D is given by
Rab ¼ 1

2
Rgab),D > 0 is the diffusivity, and λðtÞ > 0 controls

the growth rate of the area. In general, λ ¼ λðx; tÞ, but for
simplicitywewill take λ ¼ λðtÞ. Equation (2) follows from the
gradient flow of the free energy F g ¼

R
d2x

ffiffiffi
g

p ½KφRφ − λ�
where

ffiffiffi
g

p ¼ expðφÞ [32]. Kφð∝ DÞ is an elastic constant
penalizing changes in the Gaussian curvature R.
Then the coupled dynamics of the nematic and metric

fields associated with gradient descent and advection by a
nonequilibrium flow vc [33] yields

∂tQab ¼−vc∇cQabþ½Q;Ω�ab− γ−1Q gacgbd
1ffiffiffi
g

p δF
δQcd ; ð3Þ

∂tgab ¼ −ð∇avcÞgcb − ð∇bvcÞgca − γ−1φ
1ffiffiffi
g

p δF
δgab

; ð4Þ

with Ωab ¼ ð∇avb −∇bvaÞ=2 the vorticity, and γQ and γφ
are the viscous coefficients for the dynamics of Qab and
gab, respectively, with units of radians2=time.
Closure of the system (3)–(4) requires an equation for the

active velocity field generated by the active stress σab. We
note that in Eq. (3) we have ignored the rate of strain
alignment; in the biologically relevant, overdamped limit
described by Eq. (5) this effect leads to a renormalization of
the rigidity constant [34,35]. In this context, σab ¼ α̃Qab

[24,36]; i.e., we balance the active stresses with the
substrate friction (neglecting elastic and nonlocal hydro-
dynamic effects [37]), and therefore write [33]

μvc ¼ α̃∇aQac: ð5Þ

Here μ is the substrate friction, α̃ is the active energy
density with α̃ > 0 (α̃ < 0) corresponding to contractile
(extensile) activity. We define the scaled activity coeffi-
cient α ¼ α̃=μ.
In terms of the problem parameters, K̃, K0, ϵ, α, Kφ, γQ,

γφ, and the system size L, we can define the nematic

coherence length (or defect core radius) ξ ¼
ffiffiffiffi
K̃

p
ϵ, the

geometric coherence length lφ ¼ ffiffiffiffiffiffi
Kφ

p
ϵ, a “Gaussian

curvature” length lR;Q ¼
ffiffiffiffiffi
K0p
ϵ, and ld ¼

ffiffiffiffiffiffiffiffiffiffiffiffi
K=jα̃jp

, the
defect separation length [38], and the relaxation times τQ ¼
γQϵ

2 and τφ ¼ γφL2=Kφ. This leads to the following
dimensionless quantities: ξ=lφ, the ratio of coherence
lengths for the nematic field and intrinsic geometry
(< 1 because extrinsic geometry variations occur on scales
large compared to the nematic defect core size), τφ=τQ ¼
ðγφ=γQÞðL=lφÞ2 (≫ 1 because we assume that the long
wavelength extrinsic geometry relaxes slowly compared to
the local nematic order), and K=K0 ∼ 1, where K ¼ K̃ − K0,
which as we will discuss later is the ratio of the two different
types of nematic elastic deformations. See SM [27], Model
Parameters, for estimates of model parameters.
Equations (3)–(5) form a set of nonlinear partial differ-

ential equations that dictate the evolution of the nematic field
Qab and the metric tensor gab as a function of the activity α,
when complemented by appropriate initial and boundary
conditions. To make progress in a minimal setting for
epithelial morphogenesis, we choose 2D isothermal (con-
formal) [39] complex coordinates z and z̄ such that

ds2 ¼ gzz̄dzdz̄þ gz̄zdz̄dz ¼ 2gzz̄jdzj2 ¼ eφjdzj2 ð6Þ

and assume that the metric remains diagonal in these
coordinates for all time. Furthermore, as the nematic tensor
Qab is a traceless real bivector, we can write its components
Q ¼ Qzz, Q̄ ¼ Qz̄ z̄, andQzz̄, with Qzz̄ ¼ 0, and Q ¼ ðQ̄Þ�.
Since the metric gzz̄ measures the area in the z coordinate

PHYSICAL REVIEW LETTERS 129, 098102 (2022)

098102-2



system, assuming fixed cell size, this implies that we can
interpret φ ¼ log gzz̄, i.e., the log of the cell density in these
coordinates so that, the change in φ reflects cell division.
In these coordinates, FQ takes the form

FQ ¼
Z

d2z
ffiffiffi
g

p �
2Kgzz̄∇zQzz∇z̄Qz̄ z̄ þ 2K0gzz̄∇z̄Qzz∇zQz̄ z̄

þ 1

4
ϵ−2ð1− 4gzz̄gzz̄QzzQz̄ z̄Þ2

�

¼
Z

d2z
ffiffiffi
g

p �
2Kj∇zQj2 þ 2K0j∇z̄Qj2

þ 1

4
ϵ−2ð1− 4jQj2Þ2

�
ð7Þ

where K ¼ K̃ − K0 > 0 to guarantee positivity of the
elastic energy, Q ¼ Qzz and Q̄ ¼ Qz̄ z̄, and j · j is defined
in terms of the metric [40]. Here the covariant derivatives
∇zQzz ¼ ∂Qþ 2ð∂φÞQ and ∇z̄Qzz ¼ ∂̄Q, while the scalar
curvature R ¼ −4e−φ∂∂̄φ. The asymmetry in the appear-
ance of ∂φ in ∇zQ and ∇z̄ is the underlying reason behind
asymmetry in cell growth near defects: cells accumulate at
positive defects and deplete at negative defects.
As a preliminary step before considering active defects,

we consider the case of passive nematics with α ¼ 0. Then
the dynamics for Q and φ in isothermal conformal
coordinates can be written as

γQ∂tQ ¼ 2Kgzz̄∇z̄∇zQþ 2K0gzz̄∇z∇z̄Q

þ 2ϵ−2ð1 − 4jQj2ÞQ; ð8Þ

γφ∂tφ¼−KφRþ4Kj∇zQj2þ4Kgzz̄ðQ∇z∇z̄Q̄þQ̄∇z̄∇zQÞ

−4K0j∇z̄Qj2−1

4
ϵ−2ð1−4jQj2Þð1−20jQj2Þþλ;

ð9Þ

where the covariant derivative terms are ∇z̄∇zQ ¼ ∂̄∂Qþ
2ð∂̄∂φÞQþ 2∂φ∂̄Q and ∇z∇z̄Q ¼ ∂∂̄Qþ 2∂φ∂̄Q.
For a flat configuration with φ ¼ 0, denoting φ� andQ�

as the local geometry and nematic field in the neighborhood
of �1=2 defects, Eq. (9) in the neighborhood of a defect
simplifies to

γφ∂tφ
þ ¼ 4Kj∂Qþj2 þ 2KðQþ

∂∂̄Q̄þ þ Q̄þ
∂̄∂QþÞ

− 4K0j∂̄Qþj2 − 1

4
ϵ−2ð1 − 4jQþj2Þð1 − 20jQþj2Þ

þ λ; ð10Þ

γφ∂tφ
− ¼ 4Kj∂Q−j2 þ 2KðQ−

∂∂̄Q̄− þ Q̄−
∂̄∂Q−Þ

− 4K0j∂̄Q−j2 − 1

4
ϵ−2ð1 − 4jQ−j2Þð1 − 20jQ−j2Þ

þ λ: ð11Þ

Noting that Qþ ¼ ðQ−Þ� and that in the vicinity of the
positive (negative) defect core, ∂̄Qþ (∂Q−) ¼ 0 leads to

γφ∂tφ
þ − γφ∂tφ

− ¼ 4Kj∂Qþj2 þ 4K0j∂̄Q−j2
¼ 4K̃j∂Qþj2 > 0: ð12Þ

Interpretingφ as the logarithmof the cell density (since the
Gaussian curvature R ¼ −4e−φ∂∂̄φ), in the absence of net
surface growth, this implies that φ will increase at a þ1=2
defect and decrease near a −1=2 defect (since the two
changes must balance each other), and the cell density will
increase (decrease) at plus (minus) defects, i.e., cells accu-
mulate (deplete) at the defects. This shows that in a passive
setting without activity, positive curvature growth via a
positive defect can still occur. The mechanism we propose
is a geometric alternative to previously proposed mecha-
nisms for cell accumulation at topological defects due to
anisotropic friction [17,18], and can operate either inde-
pendently or togetherwith previously proposedmechanisms.
In the top panel of Fig. 2, we show the initial profile of φ

at t ¼ 0 from our analysis, showing the dynamic asym-
metry between a plus and minus defect, consistent with the
experimental observations of cell density in the vicinity of
defects in murine neural progenitor epithelia [17]. In the
bottom panel of Fig. 2, we show that this asymmetry in the
shape in the neighborhood of �1=2 defects is reflected in
the Gaussian curvature of the surface which is positive
(negative) near a plus (minus) defect, consistent with
independent observations in a different experiment [19].
Activity, i.e., α ≠ 0, leads to anisotropic flow because of

gradients in the nematic order parameter; this acts as an
additional source of geometric frustration, modifying the
Gaussian curvature of the sheet dynamically (see [27],
Geometric diffusion and Ricci flow). More generally, to
account for advective flow, we rewrite the coupled
Eqs. (8) and (9) in complex coordinates with ∂tQ →
DtQ ¼ ∂tQþ vz∇zQþ vz̄∇z̄Q − ð∇zvz −∇z̄vz̄ÞQ and
∂tφ → Dtφ ¼ ∂tφþ 2ð∇zvz þ∇z̄vz̄Þ, where in the over-
damped limit, vz ¼ α∇zQ ¼ α½∂Qþ 2ð∂φÞQ� and ∇zvz ¼
∂zvz þ ð∂φÞvz. To solve these equations and follow the
nematic field and the intrinsic geometry, we use a finite-
difference scheme with periodic boundary conditions to
simulate a ringlike structure seen in Hydra (see SM [27],
Numerical Methods).
We find that an initially flat geometry with a single þ1

defect in the center and two −1=2 defects on the edges,
using the ansatz from [41], settles into a stationary defect
configuration of a ring of equally spacedþ1 defects (bound
state of two þ1=2 defects) separated by pairs of −1=2
defects in a cylindrical geometry [see Fig. 3(a)], similar to
that observed in [19]. Activity plays a key role in stabilizing
this configuration, and in particular, the þ1 bound state is
a result of balance between Coulombic repulsion of the
defects and active motility (see SM [27], Elementary
topological defects and their bound states). Indeed, the
larger the activity parameter for the extensile case α < 0,
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the tighter is the þ1 bound defect. Moreover, the curvature
is positive near a plus defect, and negative near a minus
defect, as can be seen in Fig. 3(b). Plotting the profiles of
jQj and φ along the vertical x axis, we find that the peak in
φ near the origin indicates outward bulging of the geom-
etry. Additionally, the profile of jQjwhich is dictated by the
nematic coherence length is much narrower than the width
of φ, consistent with the expectation that the geometric
coherence length is larger than the nematic coherence
length, i.e., lφ > ξ, similar to experimental observations
[17] and numerical simulations [42]. (See SM [27],
Additional plots, for a plot of the flow field at a late time.)
To ground these results, we turn to observations of

epithelial morphogenesis in Hydra, a small, fresh-water
basal marine invertebrate that has been a model organism
for studying the dynamics of body shaping [19,43,44].
The tubular body of the organism consists of a bilayer of
epithelial cells which contains condensed supracellular
actin fibers which align parallel to the body axis in the

outer (ectoderm) layer and perpendicular to the body axis in
the inner (endoderm) layer [45]. A variable number of
tentacles form a ring around the body, near the head, and
form when a single þ1 defect is surrounded by a pair of
−1=2 defects [19], with the sign of the curvature correlated
with the sign of the defect, consistent with our results

FIG. 3. Defect texture and geometry. We numerically integrate
Eqs. (8) and (9) (with the substitution ∂t → Dt) to obtain steady
state plots of (a) the magnitude of the nematic order parameter jQj
and (b) the curvature density (given by −4∂∂̄φ). We note that the
sign of the curvature correlates with the sign of the defect, and
that the defect configuration is a lattice of þ1 bound states
separated by pairs of −1=2 defects. In the inset, we show the
profile of the nematic order jQj (blue) and φ (red) along the x
axis. The profile of jQj, which is dictated by the nematic
coherence length, is smaller than the width of the profile of φ
since lφ > ξ. Parameters for simulations: α ¼ −0.8, K ¼ 1,
K0 ¼ 0, γQ ¼ γφ ¼ 1, Kφ ¼ 4, and ϵ ¼ 2, in terms of which
ξ ¼ 1, lR;Q ¼ 1, and lφ ¼ 2. See text and SM [27], Numerical
methods, for details.

FIG. 2. Dynamics near defects. Following Eqs. (10) and (11),
where R ¼ −4e−φ∂∂̄φ, we show plots of (a) ðdφ=dtÞ and
(b) ðdR=dtÞ for a single þ1=2 (in red) and a single −1=2 defect
(in blue), with the activity α ¼ 0. Top inset: for comparison, we
show the experimental growth rate of normalized cell density
[17]. Middle and bottom insets: corresponding plots of active
contribution for ðdφ=dtÞ and ðdR=dtÞ for ϕ ¼ 0, α ¼ 1. Param-
eters used are K ¼ 1, K0 ¼ 1, and ϵ ¼ 1.
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summarized in Fig. 3. Indeed, a qualitative rendering of
the shape associated with the presence of these bound
defect states shown in Fig. 4(a) provides a simple projective
view of the body plan in the neighborhood of the ring of
tentacles.
Although knowing the intrinsic geometry does not

always allow us to deduce the extrinsic geometry com-
pletely, it is possible to get a numerical approximation (see
SM [27], Algorithm for finding embedding) of the local
shape of the active surface as shown in Figs. 4(b) and 4(c)
near a þ1 defect. This allows us to see that at early times
the time evolution of the height follows the scaling law
h ∝

ffiffi
t

p
, which can be analytically derived by using

Eq. (10) (see SM [27], Dynamics of bud growth).
Our minimal framework coupling the dynamics of an

active nematic field on a curved surface to the intrinsic
geometry of the surface via relaxational dynamics has
focused on the interplay between geometry and nematic
defects and leads to three simple conclusions: (i) the sign of
the curvature is correlated with the sign of the defect,
(ii) cells accumulate and form mounds at positive defects
and are depleted at negative defects, and (iii) a stationary
ring configuration of equally spaced þ1 defects separated
by pairs of −1=2 defects can form. These results are
consistent with experimental observations in different
systems such as neural progenitor cells in-vitro and
Hydra morphogenesis in-vivo. Moving forward, a more
complete description must include a complete characteri-
zation of the dynamics of embedding and the possible time
dependence of isothermal coordinates, e.g., using phase
field models for active deformable shells [42,46] that
account for both the induced and the intrinsic geometry

of the manifolds, but now including feedback on activity of

the form α ¼ αðQab; gab;…Þ, are potential directions for

future work. Indeed, a recent paper [47] submitted

contemparaneously has begun to address some closely
related questions.
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