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ACCESSIBLE OVERVIEW Patterns in non-equilibrium systems—from phase separation to tissue morpho-
genesis—arise from microscopic stochastic dynamics but are most easily specified and measured at macro-
scopic scales. This work introduces a unified physics-based framework for generative control of such pat-
terns that bridges particle (Lagrangian) and field (Eulerian) descriptions. Starting from overdamped
Langevin dynamics for interacting particles with internal states, this work defines smoothed mesoscopic
fields and a free-energy functional that governs macroscopic evolution. The resulting flows are projected
back to particles via smoothed-particle hydrodynamics, closing a micro-macro modeling loop. Control ob-
jectives are posed at the field level but actuated at the particle level, enabling scale-dependent design. To
solve the resulting high-dimensional stochastic control problem, an adjoint-based path integral control
(APIC) is introduced, which marries an exact Feynman-Kac linearization of the Hamilton-Jacobi-Bellman
(HJB) equation with continuous-time backpropagation and automatic differentiation to compute exact gra-
dients of the value functional from sampled trajectories. Instead of solving the full HIB equation, APIC sam-
ples uncontrolled trajectories forward and propagates adjoint co-states backward to compute control gra-
dients efficiently. The controlled dynamics define a Hamiltonian bridge: a physically constrained
interpolation between initial and target patterns that respects conservation laws and energetic structure.
The framework is demonstrated across canonical systems—navigation on complex landscapes, Allen-
Cahn (non-conserved) and Cahn-Hilliard (conserved) phase separation, thin-film droplet self-assembly, reac-
tion-diffusion patterning, and a cell-fate/migration model—showing scalable control and interpretable trans-
port geometries. Conceptually, this links generative modeling and optimal control with variational physics,
offering a route to programmable pattern formation in soft matter, active media, and developmental systems
and suggesting a path toward inference-in-the-loop and experimental actuation.

SUMMARY

Many-body particle systems and pattern-forming fields far from equilibrium generate complex spatiotem-
poral structures whose function we may wish to evoke, optimize, or steer. We introduce a multiscale optimal
control framework that unifies particle- and field-level descriptions via a tunable Eulerian-Lagrangian coarse
graining. Starting from microscopic Langevin dynamics for particles with internal states, we construct
smoothed-pattern fields and a field-level free energy, then project the resulting dynamics back to particles
using smoothed-particle hydrodynamics. This micro-macro loop lets us pose control tasks at the field level
while simulating and actuating them at the particle level in a physically consistent way. To solve the resulting
high-dimensional stochastic control problems, we develop adjoint-based path integral control (APIC), which
combines a Feynman-Kac formulation with continuous-time backpropagation and automatic differentiation
to compute gradients of the value function via forward sampling and backward adjoint propagation.
The controlled dynamics define a Hamiltonian bridge—a physically constrained interpolation between
initial and target patterns—yielding a generative view of pattern control shaped by the energy land-
scape. We demonstrate our framework on controlled navigation on complex landscapes, conservative
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and non-conservative phase separation, droplet self-assembly, coupled reaction-diffusion systems, and a

model of spatiotemporal tissue differentiation.

INTRODUCTION

The spontaneous emergence of complex spatiotemporal patterns
from simple local interactions is a central theme in the physics of
non-equilibrium systems, with manifestations across physics,
chemistry, biology, and engineering.” Over the past century, the
study of pattern formation has revealed that general mathematical
principles—such as symmetry breaking, conservation laws, and
gradient flows—can transcend specific applications. Originally
framed in the context of equilibrium phase transitions by Landau,?
these ideas have since been extended to physical,3 chemical,*
material, and biological systems.® A natural approach to this pro-
gram starts with microscopic dynamics using Langevin or master
equations and yields macroscopic evolution equations through
coarse-graining and variational closures.”® This theory-rich,
data-poor framework has had enormous success in explaining
spontaneous pattern formation in natural and engineered sys-
tems. In parallel, the last decade has seen the rise of data-rich,
theory-poor generative models that can synthesize complex pat-
terns by learning from large datasets.’ These include methods
based on optimal transport,'”"" unbalanced transport, > normal-
izing flows,'®'® and diffusion-based probabilistic models.'®
While powerful, these models typically do not incorporate phys-
ical constraints such as conservation laws and material constitu-
tive relations, and are thus agnostic to the basic mechanisms of
spontaneous symmetry breaking and are difficult to interpret.
Recent work has begun to probe the internal structure of these
models,'” but the absence of physical priors limits their applica-
bility to real-world physical systems. Complementing these ad-
vances in the physical sciences and engineering, the study of
the emergence of collective functionality in living systems—
ranging from morphogenesis to behavior—requires regulation
and feedback'® and raises the question of whether the ideas
and notions of many-body statistical physics and continuum field
theories can be deployed effectively to understand and eventually
control biophysical processes. In particular, there is an increasing
interest in changing perspectives from the forward problem of
predicting pattern evolution to the inverse problem of controlling
pattern formation.'®" Control must account for both microscale
mechanisms and macroscale constraints, leading to a fundamen-
tally multiscale problem: how to specify the microscopic interac-
tions (e.g., among molecules or cells) that give rise to emergent
patterns, given that control of function is often easiest to specify
at large scales but needs to be implemented on small scales.
This raises the question: how can we build physically grounded
generative models for pattern control over a range of scales span-
ning the dynamics of interacting particles to macroscopic spatio-
temporal fields?

Here, we present a coarse-grained optimal control framework
that connects microscopic and macroscopic dynamics via a
Eulerian-Lagrangian modeling loop. Starting from the coupled
Langevin dynamics for particle positions and internal states,
we define emergent pattern fields through kernel-based smooth-
ing to formulate a field-level free energy that governs macro-
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scopic dynamics. We then project the resulting flows, which
allow for a variational interpretation, back to the microscopic
level using smoothed particle hydrodynamics (SPH). This
modeling loop enables us to formulate control objectives at the
field level—where patterns and functionality reside—while en-
acting them through fine-scale particle dynamics in a physically
consistent way.

To solve the resulting high-dimensional stochastic control
problem, we introduce an adjoint-based path integral control
(APIC) algorithm. APIC combines the classical Feynman-Kac
formulation of stochastic optimal control?>° with continuous-
time backpropagation’®?® and automatic differentiation
frameworks such as JAX.??*° Unlike standard path integral or
sampling-based control methods,®"*> which rely on Monte
Carlo estimators without gradient information, APIC computes
exact gradients of the value functional by backward-propagating
adjoint co-states along sampled trajectories. This allows for effi-
cient gradient-based evaluation of control inputs even in sys-
tems with many interacting degrees of freedom, mitigating the
curse of dimensionality that limits classical dynamic program-
ming approaches. As a result, APIC enables scalable and phys-
ically grounded control of complex stochastic systems evolving
on high-dimensional energy landscapes. Our primary contribu-
tion is to synthesize and unify a number of different existing ap-
proaches, e.g., statistical and continuum dynamics of particles
and fields, control theory (Pontryagin principle and Hamilton-
Jacobi-Bellmann [HJB] equations), and advanced numerical al-
gorithms (autodifferentiation and tensor computations) for solv-
ing forward-backward equations via sampling, to provide an
interpretable framework for programming materials.

Our approach connects to a broad class of systems where
control problems take the form of guided navigation through
complex energy landscapes. These include the control of clas-
sical and quantum spins,**~*° protein folding and allostery,*¢~>®
directed evolution,® soft robotics,*® metamaterial design,
swarm control,”>*® and learning in neural networks.*” All these
can be characterized as many-body systems evolving in high-
dimensional, stochastic, and structured landscapes. We apply
our framework to a range of pattern-forming systems from soft
and active matter, including navigation of interacting particles
on a complex landscape, phase separation with conserved
and non-conserved order parameters, droplet self-assembly
via thin-film hydrodynamics, reaction-diffusion systems, and
spatiotemporal tissue morphogenesis. Across these domains,
our framework —which we call the Hamiltonian bridge — provides
a generative, physically grounded method for pattern control
that is capable of interpolation between initial and target states
while respecting physical laws.

41-44

RESULTS

Formulation of the optimal control problem
Many complex spatiotemporal patterns are fundamentally gov-
erned by microscopic stochastic dynamics describing the
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(B) Physics-driven framework for pattern genera-
tion. Top-right panel shows the general form of conserved and non-conserved PDEs considered in the present study. Here, ¢ can be a scalar or vector valued
field, v is a known vector field modeling the intrinsic pattern-forming capacity, u is the control flux field, R is a given reaction field, and S is the control reaction field
as described in Rezende and Mohamed.'® The pattern control objective is formulated as the steering of the pattern generated by the forward dynamics toward a
target pattern as described in Song et al."® In the Eulerian-Lagrangian control formulation, the Eulerian field ¢(t,2) is first discretized via the smoothed particle
hydrodynamics (SPH) method (see Note S4) to Lagrangian degrees of freedom (dofs), x; and ¢;, which when deployed on the Eulerian PDE lead to a set of coupled
non-linear equations for the Lagrangian dofs (see Note S4). The Lagrangian dofs are then steered via u and v to obtain the target field via the optimal control

Scale~specific terminal penalty

objective. The Eulerian-Lagrangian optimal control formulation can be viewed as navigation on a complex landscape as shown on the left.

evolution of both positional and internal degrees of freedom, and
the macroscopic patterns they generate are best understood
and controlled at the level of a coarse-grained field. Our
approach begins with a coupled stochastic description of
particle positions and internal states, which we refer to as the
microscopic dynamics. We then apply a local kernel-based
coarse-graining procedure to define an emergent field variable
that captures mesoscopic pattern structure. This field evolves
via a gradient flow with respect to an effective free-energy func-
tional, whose form is motivated by statistical averaging of the un-
derlying particle interactions. To simulate and control the system
efficiently, we project the coarse-grained free energy back onto
the microscopic degrees of freedom using the same smoothing
kernel, yielding particle-level equations that faithfully encode
macroscopic pattern dynamics. This modeling loop—Ilinking
microscale dynamics to macroscale energetics and back—pro-
vides a physically grounded and computationally tractable foun-
dation for optimal control of pattern formation across scales.

We begin with the Lagrangian description of a system given by
N interacting particles moving in a spatial domain Qc R?, where
each particle carries both a positional degree of freedom x(f) € Q
and an internal state ¢;(t) € R. The microscopic configuration is
given by x(t) = (x1(t),...,xn(t)) and ¢(t) = (¢4 (1), ..., dn(1)) (se€
Figure 1 for a schematic). In the absence of control, we assume
that the system evolves according to the overdamped Langevin
equations:

X(t) = = ViV(x(0),4(0) +v/2D; &), ,
. (Equation 1)
bty = — V,V(x(®).¢(0)+v/2D, n(),

where V(g, Q) is a microscopic interaction potential encoding

both positional and internal couplings, and §(t) is a vector of
zero-mean Gaussian white noise processes. These equations
model stochastic relaxation on the energy landscape V, with
thermal noise controlled by the diffusion coefficient D;. In this
setting, the system samples from the Gibbs-Boltzmann equilib-

rium distribution P<5,Q)o< exp(— V /D), and pattern formation

arises from the interplay of interactions, noise, and dissipation.

To create a coarse-grained Eulerian description, we define a
mesoscopic scalar field ¢(t,z) by locally averaging the internal
states of particles using a smoothing kernel:

P(t,z): = iq&,(t)x(z - x(1)), (Equation 2)
i=1

where «(-) is a non-negative kernel (e.g., Gaussian or spline)
centered at the origin and normalized such that [x(z) dz = 1.
The kernel bandwidth o(s) determines the smoothing scale,
with s € [0,1] interpolating between fine- and coarse-grained
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resolutions (see Figure 2 for the schematic). The field ¢ may
represent, for instance, a density, concentration, or cell-fate
fraction, depending on the application.

In the Eulerian description, we now seek a variational descrip-
tion of the macroscopic pattern dynamics in terms of a free-en-
ergy functional E[¢] that captures the effective energetics of the
coarse-grained field. This free energy inherits contributions from
the microscopic interaction potential as well as entropic effects
due to Brownian motion. The corresponding free energy has
the form

El = [ [0:+D) o(@iogu(a

+Uo(@) + 5IVo(@)||dz, (Equation 3)

where the first term arises from configurational entropy, U(g) is an
effective potential derived from the interaction energy (e.g., a dou-
ble-well potential for phase separation), and the gradient term pe-
nalizes spatial inhomogeneities, capturing interfacial energy from
short-range interactions. The passive dynamics of the field ¢

E
- . We

v=9
note that ¢(t,z) denotes a state (pattern) trajectory of the system,
whereas ¢(z) is any arbitrary point in the space of allowable pat-
terns (see Note S1 for notational clarity).

To complete the Eulerian-Lagrangian modeling loop, we
now reverse the coarse graining and reconstruct a particle-

then follow a gradient flow on E denoted by % = -

level potential V(g, Q) that is consistent with the macroscopic

free energy. This is done by substituting the kernel represen-
tation (Equation 2) into Equation 3, dropping the entropy
term (which arises from integrating out microscopic fluctua-
tions) and expressing the resulting energy as a function of

(x.0):
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Figure 2. Physics-driven framework for
pattern generation

Mathematical formulation of Eulerian-Lagrangian
control formulation. The Eulerian field ¢(t,z) is
discretized via SPH method to Lagrangian de-
grees of freedom (dofs), x; and ¢;. Utilizing the
Eulerian PDE, we obtain the coupled non-linear
dynamical system for Lagrangian dofs. The
Lagrangian dofs are then steered via u and v to
obtain the target field via the optimal control
objective. The Eulerian-Lagrangian optimal con-
trol formulation can be viewed as navigation on a
complex landscape.

Target pattern

2
}dz. (Equation 4)

This energy defines the particle-particle interactions such that
the smoothed field ¢(z) minimizes the original free energy E[g]. In
this way, we obtain a consistent variational principle across
scales.

We now introduce control terms to steer the system from an
initial state toward a desired target pattern. Let u(t) € R be
a control force acting on the particle positions and s(t) € RV a
control field acting on the internal states. The controlled dy-
namics become

X(t) = = VeV/(x(0).4(t)) +u(t) +v/2D; &),
bt) = — V,V(x(®),¢(0)+st)+/2D, n(),

(Equation 5)

with V(x, ¢ ) as in Equation 4. These control terms modulate the
particle trgjectories and internal dynamics in order to shape the
macroscopic field ¢(t,z) over time. We formulate an optimal con-
trol problem that seeks to minimize a cost functional combining
control effort and terminal accuracy (see Note S2). Let the
desired target pattern be ¢*(z). Using the kernel representation,
the terminal cost becomes

(xm.em): = |

2

N
Y ¢z — x(T)) — ¢'(2)|| dz,

i=1

(Equation 6)

and the total cost functional is
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(Equation 7)

subject to the controlled dynamics (Equation 5). The weights
yuyv balance the cost of control with the terminal accuracy.
This completes the Eulerian-Lagrangian modeling loop: (1) start-
ing from microscopic Langevin dynamics, (2) we coarse-grain to
define a mesoscopic field, (3) derive a variational law governing
pattern evolution, (4) reconstruct a consistent microscopic po-
tential, and (5) formulate an optimal control problem defined at
the particle level but targeting macroscopic functionality. In the
following section, we present a scalable algorithm for solving
this high-dimensional stochastic control problem using APIC.

APIC algorithm
We now describe our numerical strategy for solving the stochas-
tic optimal control problem introduced above. Following the

W(tl@) = Ep | PH(xM4M)

standard approach in stochastic optimal control, the associated
value function F(t7 X, g) satisfies an HJB equation (see Note S3)
of the form

oF

= + DAF — VF-VV - —|VF|

along with the temporal boundary condition F(T, z) = ¥ (2)
which must therefore be solved in backward time from t = T.
The HJB equation suffers from the curse of dimensionality owing
to the nonlinearity and the state space being of dimension N > >
1. To get around this, we apply the Cole-Hopf transformation,

F<t,5, 4_5) -

which converts the non-linear HJB equation into a linear partial
differential equation (PDE) (see Note S3) provided the inverse
temperature g satisfies

— %Iog W(t,g,@),

1 1

==
2y.D:  2y,D,.

This condition ensures that the quadratic gradient terms
arising from the cost functional precisely cancel, thereby linear-
izing the HJB equation in both x and ¢. Physically, this assump-
tion corresponds to matching the effective temperature of the

() = = Vv (x(t), 4(t)) + 2
with initial condition (5

¢? CellPress

positional and internal degrees of freedom. The product of D
and y defines the relative scale between intrinsic fluctuations
and control effort. By equating the two, we assume that the
controller is equally penalized relative to the noise in both sub-
systems—a reasonable assumption in many soft-matter and
biological contexts where spatial movement and internal transi-
tions occur over comparable energy scales. Under this condi-

tion, the linearized backward PDE for W (t,x, ¢) becomes

w
aaT + D§A5W+DWA¢W — VEVVEW — V¢V'V¢W = 07

(Equation 8)

with terminal condition W(T,x, ¢) = e "(*%), where ¥ en-
codes the desired final configuration via projection from the
target pattern field ¢*(z). The solution admits a path integral rep-
resentation via the Feynman-Kac formula®® (see Notes S2 and
S3)

O

=

n) |,

1).(0)) = @)

(Equation 9)

where Ep is the expectation operator with respect to the distribu-
tion of uncontrolled paths. From the definition F = — %Iog w,
the optimal control laws are given by the gradients of the value
function (see Note S2 for details)

L (tx0.00) 50 =~ V,F(tx(0),00)).

Tu Tv

u(t) =

To compute these gradients efficiently, we propagate multiple
trajectories of the uncontrolled dynamics from current state

(g(t)@(t)) forward in time, compute the gradients of ¥ at the

terminal state, and backpropagate sensitivity information using
an adjoint method. Specifically, we define scaled adjoint
variables

1 sw 1 sw

Mn(t) = *m@(t’)’l"m T m@7

and evolve them backward via

M) = VRV (x( ;
(f) < ®), - (Equation 10)

ot
Ro(t) = VWV (x(X). (1)) dy(t),

with terminal conditions
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Conditi —BU(X(T),H(T) tegral control (APIC) algorithm over a finite time
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¢ E[e—FY?] 7= - sampled from the uncontrolled stochastic dy-
- - < namics (Equation 1) using independent Brownian
- ~ o noise realizations. Each sampled trajt)ectory
7 ( -
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/()—((T)’(_ﬁ(T))/ 7 \ \Q“’_K(T)’ }“¢(T) terminal state at time T. At the f(lnal time, the ter-
/ ooy . minal gradient of the cost function ¥ is evaluated
e t=T and Boltzmann-weighted to initialize adjoint co-
W E states. These co-states are then integrated
§ Adioint ; backward in time along each path using the
2 backprgoz]lnatiéxf-‘\? adjoint ODE (Equation 10). The optimal control
uncontrolled pagati inputs u*(tp) and s*(fo) are obtained as sample
3 3 averages over the corresponding adjoint vari-
( )":";(tk) A (tk)) ables. This algorithm enables scalable stochastic
X(t ) ¢(t ) 2 > ::x e control for high-dimensional many-body systems
(— k/’_ k ) % / e / with both positional and internal degrees of
\ t= tk freedom. Derivatives of the interaction potential
\ \ V(x,¢) are computed via automatic differentia-
\ j tion using the JAX framework.?® Trajectory sam-
0 ; } pling and ODE/SDE integration are performed
Opiclmal control at ¢ 1= 18 | using Diffrax,*® with parallelization and vectoriza-
| w'(t) = —ED, ()], 8°() = —EA,0] | tion handled through JAX’s vmap.
\ u B 14% y ,
7/
/ v / / , ;7
Ny | / 7 l
N Ve I |
~ | |
~
x(0) PRI VY g !

_).A__ I
>0 I
—( ) |x_(tk_1 (t ) _X(tk-}- )

gy (29 sl
|

< T 7

/ /7
4
t=0 t=tk—l t=tk t=tk+1 =T
e PH(xMHT)
M(T) = WVJ’ (X(T), Q(T)) ; Here, V(,V,is the Hessian. Finally, the optimal controls at time t are
(Equation 11)  computed by averaging these adjoint variables across samples
e P (x(Ma(T) -
M(T) =——F+—V,¥ . 1 1
#() Ee /] ¢ (l( ) 9 )) ui(t) = —E[(1)],8°(t) = y—[E[L,,(t)]. (Equation 12)

Algorithm 1. Adjoint-based path integral control algorithm

Input: Current time t, state (g(t),g(t)>, number of sample paths n
For each time t:

1: Sample n independent noise trajectories (g(t’),n(t/)) overt' € [t,T]

2: Simulate nforward trajectories using the uncontrolled dynamics (Equation 1)

3: For each terminal state, compute gradients of the terminal cost ¥ and set adjoint terminal conditions as in Equation 11
4: Integrate adjoint equations backward in time as in Equation 10

5: Compute optimal controls by averaging adjoint variables across samples, as in Equation 12
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This completes the APIC algorithm for multiscale pattern-
forming systems, now extended to internal degrees of freedom
(see Figure 3 for the schematic). The key insight is that forward
sampling of uncontrolled dynamics, combined with backward
propagation of sensitivities, allows us to compute optimal con-
trol without solving the full HIB equation, thereby circumventing
the curse of dimensionality.*®

Geometric and physical interpretation of the
Hamiltonian bridge

Control of particles: Traversal along ridges

We now use a variational argument to suggest the emergence of
a universal strategy. For simplicity, we consider the athermal
limit of the stochastic optimal control problem (Equation 7)
involving only the positional degrees of freedom, which then re-
duces to

ming %/OT ull?(t)dt + P(x(T)),s.t.

X(t) = — VV(x(t)) +u(t); x(0) =X :

(Equation 13)

Substituting u(t) = x(t) + VV(x(t)) into the functional (Equation
13) yields the following unconstrained minimization problem for x:

L

mine 2 [ (9 viato) ot + wes(r)

4 T 2 T X
mmlﬁ/0 [x(@)]| dt+y/o VV(x(1)X(t)dt

)
+% [ 19V Pt vix(m)).

Setting 6£/6x = 0 yields following equation of motion for the
optimal trajectory of the state x(t), given by

X (1) = VIV(O)TV(x(D) = 2V (ITVx(D)]).

(Equation 14)

with x(0) = xq and the terminal boundary condition x(T) =
— VV(X(T)) — IV¥(x(T)). Note that VVV = 9,9V denotes the
Hessian of V. We note that Equation 14 is derived in the athe-
rmal limit (i.e., in the regime where the interaction scale is large
compared to fluctuations). The emergent equation in the limit
where fluctuations and interactions play an important role in
tandem is an interesting question, which will be the focus of
our subsequent studies.

The physical interpretation of the emergent (Equation 14) is
that in flat regions of the landscape, the particle follows the
simple geodesic straight-line path (x- = 0), whereas in non-
flat regions it accelerates in the direction of increasing magni-
tude of the gradient of V. Furthermore, the behavior is sym-
metric under the transformation V — —V of the potential, which
implies that hills and valleys of the landscape have the same
effect.

¢? CellPress

Control of spatiotemporal fields: Transport along
geodesics

Having formulated the optimal control problem at the micro-
scopic level and constructed a consistent Eulerian-Lagrangian
modeling loop, we now consider the projection of this framework
to the macroscopic (field) level. In this setting, the coarse-
grained pattern field ¢(t,z) evolves under physics-informed dy-
namics that may include both conserved and non-conserved
processes. These dynamics capture a wide variety of pattern-
forming systems, including phase separation, reaction-diffusion
systems, and active matter. We consider the general form of the
coarse-grained dynamics

%(t, z)+ V- (m(¢) (v(t, z) + u(t,z) ))
ot -
conserved control flux

= R(t,2)+ S(t,2) :
N
non-conserved control source

(Equation 15)

where m(¢) is a mobility, v(t,z) is a passive flux (e.g., from chem-
ical potential gradients), and R(t,z) is a non-conserved reaction
field. The control inputs consist of a divergence-free control
flux u(t,z), acting on conserved quantities, and a local reaction
control S(t,z), allowing non-conserved manipulations. In the un-
controlled case (u = 0, S = 0), this equation reduces to classical
models such as Allen-Cahn, Cahn-Hilliard, or thin-film equations,
depending on the specific choices of m(¢$) and R. These are often
studied in terms of their ability to explain spontaneous pattern
formation in a range of different physical, chemical, and biolog-
ical systems.°® However, in many of these settings—e.g.,
morphogenesis, synthetic biology, or materials programming—
the goal is to actively design and control patterns. This motivates
our formulation of a coarse-grained optimal control problem.

Given an initial field ¢o(z) and a target pattern ¢*(z), we define a
quadratic control cost functional that penalizes the control effort
over the time horizon [0,T]:

Conltdu.S) = % [mut2) o2+l [st2? oz

where y, and y, are weights controlling the trade-off between the
two types of control effort. This cost structure reflects the physical
distinction between transport-based and source-based actuation
mechanisms. The macroscopic optimal control problem is then

T
minu‘S / Cyu.;/v (t7¢7uas)
0

%+ V-(m(¢$)(v+u)) =R+S,
#(0,2) = ¢(2),4(T,2) = ¢"(2).

dat,s.t. (Equation 16)

This formulation represents an infinite-dimensional optimal
control problem for a PDE-constrained system, where the goal
is to find minimal-cost control protocols that interpolate between
prescribed patterns. Although the underlying field dynamics are
not Hamiltonian in the classical sense, the structure of the
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optimality conditions admits a Hamiltonian representation via
Pontryagin’s principle. Specifically, the optimal control strategy
is characterized by the following coupled Hamiltonian system:

ap _sHon _ &H

— ~ 5 (Equation 17)

ot SN ot

where A(t,z) is the co-state (adjoint field). We note that this
is consistent with the Poisson bracket formulation of
Hamiltonian systems.51 The control Hamiltonian H(p,1) takes
the form

m(g) 2 B,
A =/[m Vi-v+ IR — —||Vi||° — —|d°z.
Hig.) = | |m(o) vl — 5

(Equation 18)

Here, 5H/54 and 6H/6¢ denote variational derivatives of the
Hamiltonian with respect to the adjoint and state fields,
respectively. These variational derivatives define the evolution
of the system state and adjoint via the generalized Hamilton
equations. This formalism can be viewed as an infinite-dimen-
sional analog of the finite-dimensional canonical equations
g =0H/op, p = — dH/ag but defined over function spaces.
Furthermore, we distinguish here between two notational
uses: (¢(t),A(t)) refers to a time-evolving state-co-state trajec-
tory over [0,T], whereas (p,4) refers to generic field and adjoint
pairs when defining functionals. This macroscopic Hamilto-
nian formulation allows us to recast the terminal boundary
value problem as a variational optimization over initial adjoint
fields:

max,, [ No@)olz) oz~ [ M@ (@) oz

St %—%%—7ﬁ
oot T SN ot T 5.

(Equation 19)

We refer to the optimal path ¢(t,z) that solves this system as
the Hamiltonian bridge between the initial and final patterns. It
provides a physically interpretable interpolation trajectory that
respects the geometry of the control landscape and the thermo-
dynamic constraints of the system. This coarse-grained varia-
tional structure complements the microscopic control frame-
work described earlier and provides geometric insight into
pattern transport in field space.

(A) Reaction field determines the nature of the interpolant for
control of non-conserved order parameter dynamics. In the
absence of any intrinsic pattern-forming capability in a system
with a non-conserved order parameter, R = 0, v = 0, so that the
target pattern can be fully steered via a non-conserved dynamics
associated with a control reaction field S. The optimal control re-
action field is then givenby S = — /lA where % (t,z) = O,i.e,
A(t,2) = Ao(2) (see Note S3.1 for details). From the terminal con-
straints in Equation 16, we have ¢(0,2) = ¢o(2) and ¢(T,2) = ¢*(2),
sothat A(t,z) = Ao(2) = $*(2) — Po(2), resulting in the optimal pattern
evolution corresponding to a linear interpolation (for the case of
nominal Hamiltonian Ho(p, 1) = — fm’%dzz) between ¢, and

¢*‘ i'e'! ¢(tvz) :¢0(tﬂz)+%(d)*(t7z) 7¢0(t>z)) for t € [O,T]
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When the passive pattern-forming capacity is present, i.e., the re-
action field R # 0, we obtain a modified path (with Hq(p,4) =
f oARd?z) for the controlled evolution of the pattern (see Note
S38.1 for details):

DE2) = Go(t.2) + 2 (6 (.2) — holt.2))

¢ ¢ (Equation 20)
+ / R(z,z)dr — —/ R(z,z)dr.
0 T 0

We can visualize this non-linear interpolation between ¢ and ¢*
in the upper-right panel of Figure 5 where the state trajectories cor-
responding to R =0 and R # 0, i.e., Allen-Cahn, are plotted, and
note that our interpolant weights the passive physics and active
control to achieve the final state with a minimum control cost.

(B) Effective potential determines path of pattern evolution in
the case of conserved order parameter dynamics. In the
absence of any intrinsic pattern-forming capability in a system
with a conserved order parameter, i.e., R = 0, v = 0, and
[apod®z = [o¢*d?z, the target pattern can be fully steered via
a conserved dynamics associated with a control flux u. In the
context of the Hamiltonian bridge formalism, we can interpret
this in terms of a nominal Hamiltonian Hy and mobility m(p) = ¢
(which corresponds to the dynamics for the conserved order-
parameter case for any control vector field u), while the
pattern-forming capacity via passive physics corresponds to
an energetic contribution to the Hamiltonian H4, with H = Ho + H5.

To investigate how this changes the geometry of pattern
evolution, we note that the nominal control Hamiltonian
(in the absence of pattern-forming capacity) for a conserved
order-parameter pattern evolution is given by Hg(p, 1) =

— 5 Jo|| VAI*d?z. The adjoint/co-state equation then follows

_ dHo
op

§\|VA||2 = 0. This last equation for the co-state is identical to

from Equation 17 as % = (¢,A) and simplifies to % —

the equation for the fluid potential in the well-known Benamou-
Brenier formulation of optimal transport® that uses a hydro-
dynamic framework to transform normalized probability
distributions via flows. Taking the gradient of the equation
yields a quasilinear equation for the gradient of the co-state

oA ylVVAVA = 0 (note that VVA denotes the Hessian of
A, and the term VVAVA = (9;9;A)d;A can be seen as the gradient

of %HVAHQ), with characteristics given by the equation

gxnom (t) —

1
Gt _ _VAgom (xgom) , xnom (0) — xgom7

Tu

(Equation 21)

along which 2VA(t, x(t)) = 0, so that VA(t.x(t)) = VA(O,Xo) =
VAo(Xp). Solving the characteristic equation allows us to infer
that optimal pattern evolution occurs along straight lines (geode-
sics) given by x(t) = xo — %VA()(XQ), where Ag can be
computed from the terminal constraints ¢g and ¢* (see Note
S3.2 for details of the derivation).

In the presence of an intrinsic pattern-forming capacity asso-
ciated with the Hamiltonian H1(p,2) = [o(—¢VA - VWd?z (where

SE(z)

for ease of notation we use the potential V(z) = = for the

@
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energy E(yp) = fg[U((p(Z)) +§||V(p(z)||2 d?z), the transport

paths corresponding to the optimal pattern evolution under the
total Hamiltonian H = Hy + H4 (see Note S3.2 for details) are given
by

t
SX(O = = TUX(D) — el T T Ay xp) X7 (0) =
u

(Equation 22)

whereas before Ag is specified by the terminal constraints
¢o and ¢* on the pattern evolution. Comparing Equations 21
and 22, we see that the straight transport paths (geodesics)
associated with steering an initial pattern in the absence of
physics via control are reshaped in the presence of physics,
embodied in a potential, with the curvature of the transport
paths determined by the Hessian of the potential V.> To
see this, we note that differentiating Equation 21 leads to

g—;x”"m(t) = 0, while differentiating Equation 22 vyields

2
G X(t) =

VVUX@)VU(X(1) = — V (f %HVU\F). In other
words, the emergent optimal path of pattern evolution in the

presence of a force field is controlled by an effective potential

Veit(z) = — %||VU(Z)H2, identical to that seen in the optimal con-
trol of interactive active particles on complex landscapes (see
Equation 14) but now is shown to be valid for fields as well. In
Figure 5 (bottom-right panel), we show the effect of passive
physics, i.e., with v # 0, the geometry of transport paths is
curved, with «(f) # 0.

More generally, Model B dynamics with non-linear forms of the
mobility are known to arise in a range of systems such as dewet-
ting transitions in droplets and motility-induced phase separation,
and our approach is easily generalizable to those systems as well.
As an example (see Note S5 for details), the dewetting of a fluid on
a substrate corresponds to Model B dynamics with the mobility
given by m(p) = ¢°, and the dewetting velocity field is given by

V= — V(%) where E(p) = [, [U((/}(Z)) +§HV¢(Z)HZ]d22. In

this case, the transport paths corresponding to the nominal
Hamiltonian will themselves have non-zero curvature owing to
the non-linear mobility, and a geometric interpretation of the con-
trol trajectory requires us to go beyond the simple considerations
here, although a numerical approach is implementable (see re-
sults in Note S5, Figure S3, and Video S3).

Numerical experiments
Control of particles
To demonstrate the application of our algorithm, we present a
series of numerical experiments illustrating optimal control of
particle systems under different regimes. All simulations were
implemented using JAX?® for automatic differentiation and Dif-
frax*° for numerical integration of stochastic and ordinary differ-
ential equations (SDEs and ODEs). The APIC algorithm was effi-
ciently parallelized using JAX’s vectorization tools (vmap).
Figure 4A shows a control task involving a single particle navi-
gating a static Gaussian mixture potential landscape. Regions of
high potential are shown in red and low potential in yellow. The

¢? CellPress

particle starts at the point (0.1,—0.3) and must reach the target
at the origin (0,0), with the two separated by a potential ridge.
Four trajectories are shown for different time horizons T = 0.01,
0.05, 0.1, and 0.12. For small T, the particle follows a nearly
straight path, but as T increases, the trajectories curve to avoid
high potential regions. This demonstrates that with longer avail-
able time, the control strategy allows the particle to exploit the
landscape geometry to reduce energy costs. The upper-right
inset shows the magnitude of the control |u(t)] on a log-linear
scale, plotted against scaled time t* = t/T. As expected, longer
time horizons lead to smaller control amplitudes. The lower-right
inset shows the total work W = fOT ||ul|dt as a function of T, con-
firming the predicted inverse scaling W ~ 1/T, consistent with
dimensional analysis and linear response theory.>**>* For anima-
tions, see Video S1.

In Figure 4B, we examine the potential energy of the system as
a function of scaled time for several different T. The uncontrolled
system (green curve) relaxes with a characteristic time of
approximately 0.08, visible as an exponential decay. In contrast,
the controlled dynamics for T = 0.1 exhibit a monotonic increase
in energy, indicating a “spread-only” phase. For T=0.5and T =
1, the energy initially decreases (a “gather” phase) before
increasing again (a “spread” phase), with the T = 1 case showing
a more complete gather to near-zero energy. These behaviors
reflect the time-dependent structure of the optimal control:
longer horizons afford a richer two-phase strategy that balances
energetic efficiency with task completion. For animations, see
Video S2.

Figures 4C and 4D show the results of controlling a small
network of five interacting particles connected by linear springs,
navigating the same static Gaussian mixture potential. The

inter-particle potential takes the form V(x) = %Z,Nﬂ > ieminK

(% — x| — 6)2, with K the spring constant, ¢ = 0.2 the rest
length, and NN() the set of nearest neighbors determined via a
distance threshold of 1.5 units. Figure 4C shows the result for
low diffusivity and stiffness (DO = 0.0001, K = 0.0001), while
Figure 4D shows the case of higher noise and stiffness (D =
0.01, K = 0.1). In both cases, the system tends to avoid high-po-
tential regions, as predicted by the theory. However, the structural
evolution differs: in the low-D, low-K regime, the particle cluster
remains coherent, maintaining shape while traversing the ridge.
In the high-D, high-K regime, the particle network spreads signif-
icantly and exhibits more erratic control behavior. Insets in each
panel show the center-of-mass distance to the target and the
magnitude of control across particles, confirming the quantitative
differences in strategy. These results suggest that the APIC algo-
rithm naturally adapts to both low-noise coherent steering and
high-noise stochastic actuation in soft-interacting systems. For
animation, see Video S3.

Control of spatiotemporal fields

We apply our control framework across several canonical
pattern-forming systems arising in physical chemistry, soft mat-
ter, materials science, and biology. In all cases considered, the
uncontrolled (passive) dynamics can be expressed as a gradient
flow on a suitable free-energy functional. For instance, mass-
conserving dynamics (as in the Cahn-Hilliard equation) and
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) Figure 4. Optimal control of athermal and
,«;n' fluctuating interacting particles

:' (A) Regions of high potential are red in color,
whereas yellow highlights regions of minimal po-
tential (for details, see main text). In this control
task, the particles underwent athermal dynamics
under the influence of the frozen landscape. The
control task was to move from the initial location
(0.1, —0.3) to final point (0, 0). The task was chosen
as the initial and final locations are separated from
a potential barrier. From left to right, the curves

D
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correspond to particle trajectories corresponding
to different time horizons: T=0.12,T=0.1,T =0.05
and T =0.01. The plot shows as the time horizon is
0,005 increased, the particle undergoes curved trajec-
| 0010 tories to escape regions of high potential. Inset on
the upper right shows control magnitude, |u|, as a
function of scaled time, t* = % for the numerical
experiment in the main figure on a log-linear plot.
0025 The time has been scaled so that experiments
-0.030 corresponding to different time horizons can be
0,035 plotted on the same graph. From bottom to top,
the curves correspond to controls for T=0.12, 0.1,
0.05, and 0.01. The control for T = 0.12 is
approximately two orders of magnitude smaller
than for T = 0.01. Inset on the lower right shows
the magnitude to total work as a function of time

0.8 1.0

Wity 0.015

. i -0.020

-0.040

horizon, T. The orange stars correspond to the numerical experiment, whereas the blue line corresponds to the fit, W ~ 1, estimated from theory. See Video S1 for

the simulation.

(B) Plot of potential energy, V, as a function of scaled time, t* = % As before, time has been scaled to plot the curves corresponding to different T on the same
graph. The uncontrolled system (green line) undergoes relaxation with a characteristic timescale of approximately 0.08 units (shown as an exponential fit in cyan).
Potential energy for T = 0.1 shows a monotonic increase throughout the experiment corresponding to just the “spread” phase. Potential energy for both T = 0.5
(blue) and T = 1 (red) undergoes an initial decrease, corresponding to the “gather” phase, then a monotonic increase corresponding to “spread” phase. The
gather spread in the T = 1 case is more pronounced than in the T = 0.5 case, as the potential energy approximately decreases to zero for the former. See Video S2

for the simulation.

(C) Plot shows the trajectory of five interacting particles moving in a Gaussian mixture landscape for D = 0.0001 and K = 0.0001. The top-right inset shows the
distance of the particles from the origin, and the bottom-right inset shows the magnitude of the control for all the particles.
(D) Same as in (C) but for D = 0.01 and K = 0.1. In both cases, the system of interacting particles move along ridges of the potential landscape, in accordance with

Equation 14. See Video S3 for the simulation.

non-conserving dynamics (as in the Allen-Cahn equation) are
both captured by the generalized evolution equation:

0 6E 6E
= = Didp+ V- (m<¢>v%(ﬁ:¢) by,

9p=¢
(Equation 23)

where m(p) is a mobility function, D, is a diffusive term from
microscopic noise, and 5E/6¢ is the variational derivative of the
free-energy functional. This formalism provides a physically
grounded continuum model for pattern formation in soft matter,
active media, and biological tissues.

Control is introduced by augmenting these dynamics with
active fluxes and source terms, as specified in Equation 5.

(1) Phase separation: we consider two classic cases of
phase separation dynamics governed by double-well
free-energy densities.
® Inthe non-conserved case, with #1 =0, > >0,and D =
0, the order parameter evolves via local relaxation,
yielding the Allen-Cahn equation (Model A).>*°

® Inthe conserved case, with 4 > 0, > = 0, and constant
mobility, the system follows the Cahn-Hilliard equation

10 Newton 2, 100365, March 2, 2026

(Model B),>*° conserving the spatial integral of the or-
der parameter.
(2) Morphogenesis: we group together two systems under
the broad theme of biological pattern formation and differ-
entiation.
® Reaction-diffusion systems consist of coupled fields
evolving under diffusion and non-linear local reac-
tions, leading to instabilities such as those predicted
by Turing.® These provide classical models for
spatial patterning in chemical and biological sys-
tems.

® Cell-fate dynamics are modeled by assigning internal
states (fates) to mobile agents, whose evolution cou-
ples local signaling to spatial position. This leads to
emergent differentiation patterns and spatial organiza-
tion in tissues, capturing key aspects of developmental
morphogenesis.

These systems, while diverse in microscopic detail, share a
unifying structure as gradient flows on energy landscapes. Our
framework allows them to be treated within the same optimal
control formulation, making it broadly applicable to physical
and biological pattern formation. Extensions to more complex
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Figure 5. Targeted phase separation and
geometry of transport paths for pattern
control
(A) Controlling the phase separation of two spe-
cies (blue and white colors in a square lattice
checkerboard pattern) governed by the Allen-
Cahn Equation. The Eulerian pattern error and
the target pattern “H” (inset) is shown on the
rightmost panel. See Video S4 for the simulation.
(B) Controlling the phase separation of two spe-
cies (blue and white colors from a randomly
distributed initial condition) governed by the
- Squared error wr. target palter Cahn-Hilliard equation. The Eulerian pattern error
r ) —— Data (from numerical cxpt) and the target pattern “H” (inset) is shown on the
rightmost panel. See Video S5 for the simulation.
(C) Pattern-forming capacity implied by the
physics changes the geometry of the transport
paths underlying optimal pattern evolution, as
seen in Equations 20, 21, and 22. The row corre-
— sponding to reaction control shows the optimal
c interpolant in pattern space for the case of a non-
conserved order parameter, corresponding to the

A  Controlled Allen-Cahn

Squared error w.r.t. target pattern

mf Data (from numerical expt.)

Jolo) - o' I2av

B  Controlled Cahn-Hilliard

o - o' I2av

— [

Witlflg::xtl ii:m:;siz cpigt,tem With intrinsic pattern Comparison in nominal Hamiltonian Ho(p,?) (see text above
(v=0g’ Rp= 0 forming capacity numerical experiment Equation 20) and with intrinsic pattern-forming
. capacity encoded in the Hamiltonian H(¢,4) (see
Hamiltonian Ho Ho+ Hy Ho vs Ho+H, text above Equation 20). The row corresponding
N 200 — to flux control shows the ordinary differential

R —_ +
Reaction Allen-Cahn 2 o equation underlying the transport paths for the

S
control ¢(t,2) = (1 - Dy(t,2) + 1*(t,2) S 125 case of a conserved order parameter, corre-
$(t,2) = (1 - Dpy(t, 2) + t*(1,7) +J' ’“””“"'r R(z,2)de : :: sponding to the nominal Hamiltonian Ho(¢,4) (see
s 0 0 E‘l’usu text above Equation 21). The top-left panel
tmje’c“tffﬁes linear interpolant nonlinear interpolant | | § ° corresponds to the zero passive reaction field
oo 02 0;3@6 o8 10 which leads to a linear interpolation of the pat-
Cahn-Hilliard terns. The top-middle panel corresponds to a
Flux 4 w=-Lyamy 4y = - Lotvuseriy Ao) = VUG®D) non-linear interpolation of the pattern when the
control dr Ta dt Tu 150 —— Ho+H reaction field is present (control of Allen-Cahn).
cK“(rt‘)’ai‘“Oe i“(‘;‘)’a;‘“; 125 Ho The bottom-middle panel corresponds to the
Transport g™ addition of a Hamiltonian for the intrinsic pattern-
75
paths < forming capacity H1(p,4) (control of Cahn-Hilliard,
25 see text above Equation 22). The rightmost col-
Initial @ o o umn corresponds to the comparison in numerical
Time(t) experiments. In the rightmost column, we plot
Target the mean target error between the optimal inter-
polant and target pattern as a function of time
9

for the reaction control case (top-right panel)
corresponding to the Allen-Cahn dynamics, and the curvature of the transport paths as a function of time for flux control corresponding to the Cahn-Hilliard
dynamics.

systems, including active matter with self-driven components,°
follow naturally within this unified description.

Controlling phase separation

We start by considering the case of controlling phase separation
for the case of the dynamics associated with either a non-
conserved order parameter (Model A: Allen-Cahn), or a
conserved order parameter (Model B: Cahn-Hilliard). For
Model A dynamics (Allen-Cahn), the (uncontrolled) phase
field ¢(t,2) satisfies the equation ¢; = ¢ — ¢ + A¢ (and corre-
sponds to the energy functional E(p) = fQT(1 - ¢2)2
+§||V(p(z)||2]dzz, with v = 0 and R = — & in Equation 1. For
Model B dynamics (Cahn-Hilliard), the (uncontrolled) phase field
#(t,2) satisfies the equation ¢; = A(—¢ + ¢> — A¢) (corresponding
to the velocity field v= — V% and the reaction field R = 0 in
Equation 3).

In either case, we assume that the initial condition is a random
distribution given by ¢q (see leftmost panels in Figures 5A and
5B) and the final target distribution, ¢*, is in the form of the letter
“H” (see inset in the right panels of Figures 5A and 5B). We see
that as the (flux/reaction) control fields pushes the pattern to-
ward the target, the error decreases approximately exponentially
(power law) in time for Allen-Cahn (Cahn-Hilliard) (see the inset
Figure S1 and Videos S4 and S5 for simulations of the controlled
Allen-Cahn and Cahn-Hilliard systems, respectively). A variant of
Model B dynamics but with a nonlinear mobility follows from a
hydrodynamic model for droplet splitting and merger in the lubri-
cation limit and falls within our framework (see Note S6, Figure
S2, and Videos S6 and S7 for simulations).

Controlling morphogenesis
We now turn to two examples inspired by reaction-diffusion
systems in chemistry and engineering®” and morphogenetic
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systems in developmental biology°®°° and engineered mimics

thereof. Indeed, recent experimental work shows that it is
possible to control patterns in reaction-diffusion experiments us-
ing empirical methods®” and similarly in developmental sys-
tems,®" raising the question of how to do so in a principled
manner. This necessitates increasing the complexity by steering
patterns using both conserved (flux-like) and non-conserved (re-
action-like) controls. We consider two examples: (1) a system of
morphogens encoded via color, e.g., R, G, B, governed by a re-
action-diffusion where the reaction term has quadratic non-line-
arity; and (2) a phenomenological model for determining cell-fate
control that links internal cell states with that of their external po-
sitions, i.e., their neighborhood.

(1) Control of reaction-diffusion systems. Consider a pattern
composed of three morphogen fields represented as ¢(t,z) =
(P1(t,2),¢4(t,2),03(t,2)), where ¢i(t,z) is the concentration of the
ith morphogen at a location z € QCR? at time t € [0,T]. We first
define an energy functional with a cubic coupling so that the ki-
netic equations have quadratic non-linearities, given by

Ew) = [

wherei € (1,2,3), D; is the diffusion constant corresponding to the
ith morphogen, and the term ij‘k - 1 Mix¢i¢;¢ is a cubic poly-
nomial with M a symmetric third-order tensor. Note that ¢ de-
notes an arbitrary field, whereas ¢ denotes a trajectory. The pas-
sive forward reaction-diffusion dynamics for the ith morphogen
is given by

1 13
EDIHV(/’:'H2 3 Z Mf/k(/)i(/}j(/)k d’z,

ijk =1

o, SE 8
E = — <£|¢ i = D,-A¢i+/k§::1 M,'/'kgqubk.

The optimal control problem for the reaction-diffusion system
then reads as

minu‘s%/or/ﬂ<i¢,(t,z))||u(t,z)2dzzdt

i=1

3 T
Tv 2 2 (T)
+—§ S (t,z)d“zdt +¥
2 /o/g'( ) (@)

i=1

og; S .
s.t. E + V((ﬁ,u) = DiA¢i + Z M[/k¢]¢k + Sfa’ = 17 2? 3.

jk =1
(Equation 24)

We use the smoothed particle hydrodynamics-based
approach to convert the problem to a Lagrangian framework
(see Note S4 for details) and then deploy our adjoint path-integral
approach to solve the resulting large system. In our numerical
experiments (see Note S6 for details on discretization), for
simplicity, we assume Dy = D, = D3 and further that My, is a
third-order tensor whose elements are sampled from a normal
distribution with mean zero and unit variance. Figure 6A shows
the results of an experiment where we steer an initially random
pattern of ¢;s encoded via color, e.g., R, G, B, to the pattern

12 Newton 2, 100365, March 2, 2026

Newton

“H,” where the left (right) vertical line is red (blue) and the center
horizontal line is green (see Video S8).

(2) Control of cell-fate dynamics. We finally turn to a question
inspired by biological morphogenesis wherein the fates and po-
sitions of active cells in a multicellular tissue are organized
spatiotemporally in a reproducible way.®>®° Since cell fates are
intimately related to gene-expression patterns within a cell,
which are themselves partly steered by their extracellular envi-
ronment, a natural framework requires us to couple the external
dynamics of motile cells and their internal states. Indeed, this
framework might be relevant to an even broader class of active
systems consisting of particles that can have multiple internal
states while also capable of moving autonomously, with the
states and movements being coupled to each other, e.g., in
active matter systems,®® or traveling waves of differentiation
and movement in embryo development.®® In a minimal setting,
we model a two-dimensional epithelial layer undergoing the pro-
cess of differentiation associated with the control of cell fate and
position starting from a pluripotent state. Consider cells with
spatial density function p(t,z) and a spatial gene-expression pro-
file ¢(t,z) at time t and zcQ. For simplicity we assume that a
particular gene in each cell can take on three values {—1,0,1},
where the value 0 corresponds to the undifferentiated pluripotent
state and the values —1,1 correspond to two distinct differenti-
ated states. Spatial coarse graining toward a long-wavelength
continuum theory allows us to relax this discrete set to a contin-
uum so that the gene-expression state —1 < ¢(t,2) < 1. The
optimal control problem of creating a non-equilibrium patterned
tissue with a specific spatially differentiated phenotype can then
be cast as

.
Minys %“/ /p(t,z)uu(t,z)||2d2zdt
0 Q

Ty
+_
2

N RGO

(Equation 25)

;
/ p(t,2)S?(t,2)d2dt + ¥ (p, 1)
0 Ja

where the energy functional E is given by

E(a.9) = / (F(Q) + 9(0)[|Vol?) Pz

We note that the intercellular interaction consists of a long-
range attraction (f(p)) and short-range repulsion (g(p)) between
different cell types (see Note S7 for both the discretized version
of the problem and the exact form of E(g,¢)). The first part of
Equation 25 describes the dynamics of the controlled cell popu-
lation as it progresses due to a combination of internal dynamics
and external control (here we assume that total cell number is
conserved, even though cell type is not), while the second part
describes the dynamics of cell fate, which is advected at a veloc-
ity determined by active cell movement while simultaneously
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Figure 6. Targeted morphogenesis

(A) Control of a reaction-diffusion system. Controlling a reaction-diffusion system comprising three species, from a randomly generated reaction matrix and initial
conditions (see Note S7 for details). The uncontrolled reaction-diffusion system is given by Equation 24. The rightmost panel shows that the evolution of the
Lagrangian squared error (normalized with reference to initial error) relative to target pattern decays approximately exponentially (inset shows the H-shaped
target pattern with the vertical and horizontal bars to be formed by the three individual species, respectively). See Video S8 for the simulation.

(B) Control of cell-fate dynamics. The three panels are the representative intermediate patterns corresponding to the controlled cell fate decision making model
given by Equation 25. The figure on the left is the initial pluripotent state, the figure in the middle is the snapshot of the dynamical system at time 7/2, and the
rightmost figure is the snapshot of the dynamical system at time T. The rightmost panel shows that the evolution of the Lagrangian pattern error (normalized with
reference to initial error) relative to target pattern decays approximately exponentially. See Video S9 for the simulation.

being changed via reactive terms associated with the effect of
the local cell population as well as external control. The terminal
penalty is given by

o [ 1
¥(e,9) = Z/g II (@ = Coec’z
k=1

(p—Ci)

5 2
+—"/ e 22
22

Iz — kil ez,

where Cy = {—1,1} characterizes the final differentiated states at
spatial location p;; (where k = 1,2 corresponds to the differenti-
ated states —1 and 1), and ¢ sets the spatial range of specificity
of the morphogen to the gene-expression state. The first term in
the terminal cost corresponds to differentiation and penalizes
undifferentiated (internal) terminal states, while the second
term corresponds to segregation and penalizes deviation from
(external) target locations for the population.

Using our SPH approach, we convert the above Eulerian
description to a Lagrangian one and deploy our algorithm for sto-
chastic optimal control (see Note S4 for the SPH approach and
Note S7 for the discrete problem formulation). Figure 6B shows
the sequential time snapshots of the controlled dynamical sys-
tem where the cells undergo differentiation from a homogeneous
pluripotent state (green) to a differentiated spatially segregated
state (see Video S5) as the area of the differentiated states

(i.e., red and blue) initially increases and then reaches a steady
state in time as cells simultaneously differentiate and migrate
to specific target sites (see Video S9).

DISCUSSION

Our study provides a framework to formulate and solve inverse
design problems associated with pattern control in non-equilib-
rium physical, chemical, and biological systems. We show how
minimizing control costs and terminal target-driven goals converts
predictive theories for long-wavelength pattern formation—them-
selves grounded in conservation laws and symmetry/broken sym-
metry—into problems in stochastic optimal control theory for
spatiotemporal fields. By accounting for physical priors embodied
in terms of pattern formation dynamics, it also generalizes the
classical optimal transport perspective,® which does not account
for these dynamical constraints imposed by physics.

A Eulerian-Lagrangian mapping allows us to convert the field
theory into a scale-dependent approximate many-body control
problem that can be solved numerically using continuous time
backpropagation methods originally devised for finite-dimen-
sional systems.®®®® Our numerical experiments demonstrate
the effectiveness of our physics-driven generative framework
for a range of pattern-forming systems that include phase sepa-
ration with and without a conserved order parameter and
morphogenetic processes involving reaction-diffusion and
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activity. Our framework thus suggests a mechanism for how we
can drive pattern-forming capacity in a system that starts out
having none by using optimal control to create a series of way
points (rather than a single terminal cost) in a closed-loop feed-
back system to drive forward physics step by step.

Finally, we close with a view of what might be next. First, tradi-
tional theory-rich approaches to pattern formation have relied on
physical intuition and domain expertise to create coarse-grained
phenomenological models,®” combined with analytical and nu-
merical techniques. Recent data-rich advances in generative
models have opened up new data-driven avenues for studying
and manipulating patterns.®® Our approach naturally suggests
an inference engine for generating and controlling patterns using
physics-based priors (when available) along with experiments (to
guide parameter choices and unknown physics) using optimal
control and forward-backward algorithms that can be efficiently
deployed across scales and systems.

Second, connecting our approach to experiments is another
avenue for further exploration. Areas where the gap is bridgeable
include (1) chemical microreactor control for DNA-based engi-
neering (Simmel and Schulman® and references therein), (2)
control of active nematics for cargo transport (Nishiyama
et al.”® and references therein), (3) epithelial morphogenesis
(Huycke et al.”" and references therein), and (4) deployment tra-
jectories for origami/kirigami patterns (Hawkes et al.”” and refer-
ences therein). In each case, the underlying particle or field dy-
namics is known and capable of being steered via an external
control, fitting perfectly into our general framework. The next
steps would involve implementing our algorithmic protocols to
achieve these goals in practical settings and scaling up our inter-
pretable algorithms for the fast multiscale control of particles
and fields.

METHODS

The main text provides details about the APIC algorithm, and
further details regarding the methods can be found in
supplemental information.
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