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Surface Wakes on Ultrasoft Solids
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We explore the dynamical response of the free surface of an ultrasoft solid driven by a localized moving
pressure disturbance. Experiments reveal a steady V-shaped wake analogous to a surface Mach wedge. A
simple geometric argument provides a qualitative explanation consistent with observations. A theoretical
framework combining elastodynamic, capillary, and gravitational effects yields a generalized dispersion
relation that smoothly interpolates between Kelvin’s theory of liquid interface wakes and Rayleigh’s theory
of elastic surface waves. Our analysis explains the observed Mach-like behavior quantitatively while also
emphasizing how elastodynamic effects can generate effective damping through radiative leakage.
Together, our experiments and theory reveal the existence of a new regime that bridges fluid and solid
surface-wave physics, offering new routes for probing the dynamics of soft interfaces.
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Soft elastic solids are easily deformable when subjected
to external loads, and are characterized by relatively small
(zero-frequency) shear moduli. The interface of a soft
elastic solid is even softer than the bulk solid because in
addition to a weak material response, it is soft by virtue of
geometry (i.e., it is free on one side). Thus, soft interfaces
are susceptible to both body forces (e.g., gravity [1]) and
interfacial forces (e.g., surface tension [2]). For a solid with
density p, elastic shear modulus 4, a surface energy per unit
area y, subject to a gravitational body force per unit volume
pg, one can define two natural length scales: an elastoca-
pillary length, ., =y/u and an elastogravity length,
g = u/pg. For ultrasoft solids, elastic, capillary, and
gravitational effects all become simultaneously important
when the elastocapillary length and the elastogravity length
become comparable. Then, letting £,, ~ ¢, yields an
expression for the shear modulus x* ~ (pgy)'/?; substitut-
ing p = 1000 kg/m?3, g = 10m/s?, y = 100mN/m yields
u* ~ 10Pa. The recent ability to create very weak materials
[3] with ultra-low moduli in this range, i.e., u ~ O(10)Pa
makes this capillary-gravity-elasticity regime accessible via
tabletop experiments [4—7].

However, little is still known about the dynamics of
ultrasoft solids, when there is a delicate interplay between
inertia, elasticity, gravity, and capillarity, e.g., when a soft
interface is driven by a transient pulse [8—11], a topic with
implications for fields such as soft elastography [12,13] and
nondestructive imaging [14,15]. Here, we study the
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two-dimensional wake left by a localized pressure source
moving on the surface of a three-dimensional solid, using
experiment and theory, while also linking together two
classical problems: Rayleigh waves on the surface of an
elastic solid [16] and the Kelvin wake behind a ship moving
in deep water [17].

To create a dynamic pressure source moving at a speed U
above a soft elastic solid [Fig. 1(a)], we start with a large tank
filled with about 10 liters of an ultrasoft polyacrylamide
hydrogel with elastic shear modulus, px~ 6.5 Pa [see
Supplemental Material (SM) Sec. A [18] for details of the
protocol to create and measure the rheology of the gel] and
density p = 1000 kg/m?. The dimensions of the soft solid
slab are 50 cm x 25 cm with a depth H =8 cm. The
pressure source was created by forcing compressed air out
through a thin nozzle (d = 0.84 mm), mounted on a rail that
can slide horizontally above the gel surface at a constant
height of ~4 cm above it. As the pressure source moves at a
uniform speed (U) above the gel surface, we observe a wake
behind the moving disturbance [Fig. 1(b), movies S2, S3, in
SM [18] ], with ridges of maximum surface elevation on the
soft interface forming a linear wedgelike profile. The opening
angle of the leading dominant ridge (2¢r) depends on the speed
of the pressure source U; faster sources yield wakes with
smaller angles. Indeed, plotting sin a versus the scaled inverse
speed of the pressure source c¢,/U, where ¢, = +/u/p is the
shear-wave speed in the soft solid, we see a linear relationship
with sina ~ 4.5¢,/U [Fig. 1(c)].

A natural comparison of this observation is with the
wake observed on liquid surfaces in the “deep-water” limit
[17,22-25]. However, the wake angle here deviates sub-
stantially from the Kelvin angle (i.e., 19.4°) characteristic
of gravity wakes at low source speeds in a few ways. First,
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FIG. 1. (a) Schematic of the experimental setup, where a

pressure source of compressed air moving at speed U impinges
on the surface of an elastic solid, generating a surface wake.
(b) Top-view images of wakes for two representative speeds, U =
0.55 m/s (left) and U = 1.28 m/s (right), leads to different
opening angles (2a) on an ultrasoft solid (u ~ 6.5 Pa). The wake
angle decreases with the increasing speed of the pressure source.
A projected grid on the surface of the gel slab from the top
enables visualization of the surface deformation. (c) Experimental
data showing Mach-like scaling, where sin a varies linearly with
¢,/U, and ¢, = \/u/p is the Rayleigh (shear) wave speed.
(d) Schematic of the geometry of wave fronts on a soft solid
surface due to a moving pressure source in the ideal non-
dispersive Rayleigh limit.

the wake is sharper and more V-like without the feathered
decorations seen in gravity waves. Second, the angle varies
with the speed of the source without saturating to the
Kelvin limit, like the classical gravity-capillary wakes with
strong capillarity [26]. Finally, in contrast to gravity-
capillary wakes, the wake patterns we observe exhibit only

faint fine features away from the source, indicating strong
damping (see SM [18] movie S1 for a comparison between
soft gel and water wakes).

To get a qualitative understanding of our observations,
we first consider a minimal model for the elastic wake,
ignoring, in the first instance, the effects of gravity and
capillarity. On the surface of an incompressible solid, freely
propagating non-dispersive Rayleigh waves propagate with
a speed proportional to the shear-wave speed ¢, [16]. If a
pressure source moves on the surface with a speed U
greater than the ¢, we expect a Mach-like wake to emerge.
A geometric argument for the wake half angle, a, follows
by considering the superposition of the circular wave fronts
[Fig. 1(d)] and leads to the simple relationship

sina = Ac,/U, (1)

which is qualitatively consistent with our experimental
measurements with A ~ 4.5, i.e., the wake angle increases
with decreasing speed. To explain the weakly dispersive
nature of the wake (see SM [18] movie S2), and the
nonunity prefactor [27], we now turn to a quantitative
theory of surface waves including the contributions from
gravity, surface tension, and elastodynamics.

We assume that the free surface bounds a soft incom-
pressible elastic half space (z < 0) of uniform density p and
shear modulus u. Displacements of the solid are given by
E(x,z,t) = (u,w), where x = (x, y). In the linear elastody-
namic regime relevant for our observations, neglecting
weak viscous effects (see SM Sec. B.4 [18] for justifica-
tion), the dynamical equations of motion read,

o€ )
pz=-"VP+uVE (2)
subject to the condition of incompressibility V-& =0,
which upon substituting into Eq. (2) gives

V2p = 0. (3)

Since we are interested in the response to small-amplitude
disturbances at the surface, we take P to be the excess
pressure from the prestressed equilibrium configuration, so
that the boundary conditions deep in the interior are given
by & - 0and P — 0 as z » —oo,. On the surface, capillary
forces provide a stress proportional to the surface’s mean
curvature, yielding the free-surface boundary conditions
0.0 = H(OW/0x; + 0u;/0z2),_g = 0,0, 0 = (=P + 2uow/
0z).-g = (P. +yViw —pgw)._, where i=x, y and
V| = (0/0x,9/dy), and P (x,t;U,L) is the disturbance
field due to an external moving pressure source applied
onto the surface, moving in the x direction with a constant
speed U. For simplicity, we assume an isotropic pressure
field with a characteristic size L.

138201-2



PHYSICAL REVIEW LETTERS 136, 138201 (2026)

We solve the linear Egs. (2) and (3) subject to the
boundary conditions using two-dimensional Fourier meth-
ods, assuming sufficient far-field decay, using the standard
definition
fx,z,1) = [do [[d®k/(27)?|f (k, z, @)el®*=*) where f
is its corresponding transform, and the arbitrary function f
can be P, u, and w. This yields the complete solution (see
SM Sec. B.2 [18] for details)

w?(w? — 2c2k?)ek

P= P.(k 4
e T
(@07 = 22K kek + 2(KPc3)ge
= (ik P.(k,w), 5
i = (ik e (ko). (5)
2_222kkz 222qu~
. (@ csk?) ke 4 2(k*c5 ) ke P.ko), (6
pD(k. »)
where k = [k|, ¢ == \/k* — (w/c,)?, and the denominator

D(k,w) = w? (gk + Zk3> - (2¢2k* — @*)?
p

+4cik3\/ 2k — w?, (7)

which is consistent with the characteristic equation derived
in [10] for the one-dimensional case.

For a disturbance pressure source moving with uniform
velocity, as in our experiment, the Doppler shift sets
@ = U -k. The stationary surface displacement field is
then obtained from the Fourier transform of Eq. (6)
evaluated at z = 0 as follows [28,29]:

o U
w(x)—w//dzkek sz(k»L)» (8)

where x — Ut — x, with U = Ue,, is the new coordinate
vector in the moving frame. The stationarity condition,

@ =U -k = Ukcos ¢, 9)

where ¢ is the angle between the wave vector k and
the direction of moving source [see Fig. 5(b)], restricts
the surface waves that interfere constructively to
those with phase speed c,(k) := w/k < U. Furthermore,
the dispersion relation for surface waves is given by
D(k,w) = 0. We now examine the expression for D to
understand the effects of elasticity.

To work with dimensionless quantities, we use the
pressure source size L as the reference length and
U/L as the reference frequency, and define K := kL
and Q:=w@L/U. This induces the transformation
(L?/U%q)D(K/L,QU/L) — D(K,Q), so that the dimen-
sionless counterpart of Eq. (7) is

D(K,Q) = Q22 — Fr2(2C2K? — Q)2

+ 4Fr*C3 K3/ C2K? — Q2, (10)

where Q2, := K 4+ Bo™?K? is the dimensionless dispersion

relation for gravity-capillary waves, Bo := +/pgL?/y =
L/(£eeleq)"? is the Bond number, Fr = U/+/gL is the
Froude number, and C; := ¢,/U is the scaled shear-wave
speed in the soft solid.

The dispersion relation for the soft surface, given by
D(K,Q) = 0, interpolates between two venerable classical
problems involving surface waves [30]. When C; =0,
we recover the well-known dispersion relation for deep
water dispersive gravity-capillary waves [23,31], with
Q = Q. /Fr. In the other limit, when Q_, = O(Fr — o),

the  dispersion Q> =2C?K> +
2\/ C3K3\/C2K? — Q? [32] leading to the well-known

theory of nondispersive Rayleigh waves on the surface
of an incompressible half space with Q ~ 0.955C,K [16].

In our experiments, with ¢;~0.08 m/s and
Ue(0.5,1.4) m/s, we have C; <0.2. Assuming that
the large-wave number contributions are suppressed by
the finite bandwidth of the pressure source (C,K < 1), the
effects of elasticity may be treated perturbatively. This
allows us to derive a dispersion relation that minimally
captures the leading order effects due to elasticity, but
unlike in the one-dimensional case [9,10], the two-dimen-
sional problem warrants a distinction between modes as a
function of the phase speeds (C, := ¢,/U) relative to the
shear-wave speed (C,).

To facilitate discussion of these two different modes, we
define a parameter A(K) := C,/C,(K). Then, for modes
propagating slower than the shear wave (4> 1), i.e.,
C, < C; < 1, the function D in Eq. (10) is real valued
and reduces to

relation  satisfies

D(K,Q) = Q(Q2, + 4, (DF2CIK? —F2Q?),  (11)

where ¢, : [1,00) — [0, 1/2) is a smooth bounded function
(see SM Sec. B.3 [18]). We see that the softness of the
elastic half space introduces a quadratic correction to the
dispersion relation for classical gravity-capillary waves on
a liquid half space. In contrast, for modes traveling faster
than the shear wave (4 < 1),1.e.,C; < Cp < 1, the function
D in Eq. (10) becomes complex valued and reduces to

D(K,Q) = QX(Q2, + 49, (22)Fr2C2K* — Fr2Q?)

+ 4iQFr2C3K3\ /1 (42), (12)

where ¢,: [0,1] — [0, 1] is yet another smooth bounded
function (see SM B.3 [18]). Here, the softness introduces
an additional leading-order cubic contribution to the
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imaginary part of D, and the solution to D(K, Q) = 0 lies
in a small neighborhood of the solution to Re(D) = 0 in the
complex K— plane. The effective damping of the propa-
gating surface waves even in the absence of any viscous
effects in our energy-conserving theory is a consequence of
bulk radiation that leads to leaky waves [9] that redistribute
energy from the surface to the bulk.

For our experimental conditions, where the quantity
H/\PIY = \/Ceg/Cce ~0.2 is small, there are no real
solutions to D(K,Q)=0 at the critical condition
Q = C,K, which precludes the simultaneous existence of
fast and slow modes. Furthermore, we find that only the
“leaky” fast modes are supported, because of the very low
shear modulus of the ultrasoft gel [33] (see SM Sec. B.3
[18]). Henceforth, we consider only the reduced (real part
of the) dispersion relation for fast modes from Eq. (12) to
describe the wake pattern [34]:

FrQ = (K + Bo™2K> + 4¢,(2)Fr2C2K?)'/2,  (13)

which yields a relation for the (square of the) dimensionless
phase speed:

Fr’C = 1/K + K/Bo? + 49, (A?)Fr?C:. (14)

This curve, plotted in Fig. 2, shows that the phase speed has
a minimum at K* = Bo, with the corresponding value
Cpmin = (2/(Fr’Bo) + 4¢,(4*)C2)!/2. We see that finite
elasticity associated with nonzero C, introduces a correc-
tion to the well-known minimum gravity-capillary phase
speed (2/Fr’Bo)'/? [22,26], and leads to a vertical

2 \ d
fast “leaky” modes
(cs < cp(k) <U)
2
& S ocp = U
T feeereies B P PP PRI 4 R
Il
DQ.
\\ (K*,C',, mm) ’
T cp=Cs
1072K* K,(Cy) K* K5(Cs) 102K*

K=kL

FIG. 2. Dimensionless phase speed C, of free waves on the
surface of an infinitely deep ultrasoft solid with weak elasticity
(C, <« 1), shown as a function of the scaled wave number K
following Eq. (14). The minimum occurs at K* = (pgL?/y)'/?,
with a value C, i, = (2/(Fr?Bo) + 4¢,(4?)C?)!/2. The dashed
line corresponds to the capillary-gravity waves in infinitely deep
inviscid liquid without elasticity (C; = 0).

shift of the curve relative to the classical capillary-gravity
case, shown in Fig. 2. However, the minimum still
occurs at the same scaled gravity-capillary wave number
K* = (pgL?/y)"/%.

The condition of stationarity that derives from (9)
determines the allowable wave numbers for pattern
formation, so that setting C, =Q/K =1 in Eq. (14)
and solving for K gives the critical wave numbers
K;,(Cy). Consequently, wave numbers in the range
K€ [K,(C,),Ky(Cy)] contribute to constructive interfer-
ence, as shown in Fig. 2. For a given pressure source speed,
the range of allowable wave numbers becomes narrower
with increasing elasticity, owing to the vertical shift of the
curve shown in Fig. 2.

To compare our theory with observations, we perform
numerical simulations to compute the far-field surface
wave amplitude that develops in response to an applied
pressure field using Eq. (8), with the complete dispersion
expression corresponding to Eq. (10). We model the
pressure source as a radially symmetric Gaussian field of
size L moving with uniform velocity U in the x direction:
P.(x,t;U,L) = Pyexp [-x*(Jx — Ut|)*>/L?]. Introducing
dimensionless variables X := x/L, W := w/L, and recalling
the earlier scaling K = kL, Q = wL /U, the scaled version
of the surface elevation in the comoving frame in Eq. (8) is

ReU/de lKXQzKP*( ). as)

W(X)*hm DE.Q) |

€—>O

where D follows from Eq. (10), Q. =Q+ie=U-K+ie,
and Pi(K):=P,(K)/(pgL?) x exp (=K?/4x*). For the
assumed pressure field, we numerically compute W(X)
using a two-dimensional inverse fast Fourier transform on a
fixed square domain (spanning six wavelengths of gravity
wave), discretized on an N x N = 40962 grid, with the
regularization Q — Q_, choosing €~ 1072 as a compro-
mise between artificial oscillations introduced by small e
and exponential decay at large e, respectively (see SM
Sec. D [18] for details).

Sweeping over the scaled parameter space (Fr,Cy),
keeping Bo fixed allows us to compare the results with
our experiments. In Fig. 3, we show the wake patterns
characterized by the opening semiangle o of the leading
ridge [35] (see Fig. 6 in End Matter for definitions of a and
standard wake angle), from two different sets of simula-
tions performed with Bo~3.7. In Fig. 3(a), the scaled
shear-wave speed C; is varied while keeping the Froude
number constant. The opening semiangle a increases with
increasing elasticity, and the wake distinctly becomes more
spatially damped, consistent with both the theoretical
predictions and the experimental trend as shown in
Figs. 1(b) and 1(c). In Fig. 3(b), we show the effects of
the Froude number Fr on wake angle, that can be achieved
by changing either the disturbance size L or speed U.
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FIG. 3. Wake pattern on ultrasoft solids showing the normal-

ized surface elevation, computed using (15) at Bo= 3.7, for
different scaled shear-wave speeds C, = c¢,/U and Froude
numbers Fr as functions of the scaled coordinates X/A, and
Y/A,, where A, = 2zFr* is the dimensionless wavelength of the
gravity wave corresponding to the source size L. The opening
half-angle « of the leading dominant ridge (dashed black line) is
shown for increasing (a) C,; at Fr = 1.1 and (b) Fr at C; = 0.02.
The computational domain is approximately 0.75 Fr? times the
length of the experimental tank.

The opening angle decreases at large Fr, in qualitative
agreement with our experimental observations in Fig. 1(b).

To quantitatively compare the theory with our experi-
ments, we measure wake opening angles a from simula-
tions for Fre[1,3] and C;€[0.01,0.2]. In Fig. 4 we see
that the linear relation obtained using geometric consid-
erations persists, with sina = Ac,/U; simulations yield
A~ 3.5, while experiments yield A ~4.5. Similarly, the
dependence on Fr follows a Mach-like law, sina = B/Fr,
with B = 0.91 from simulations and B = 1.1 from experi-
ments, showing reasonable agreement. We believe that the
primary reason for the difference is finite size effects
associated with not being strictly in the deep-water limit.

Our Letter of surface wakes on ultrasoft elastic surfaces
uses experiments and theory to probe a previously

0.8F
1.0F
0.4}
0.8f
0.0
S 0.67
§=
92
0.4
0.2 o= ~ s simulations
@®  experiments
0.0 0.05 0.1 0.15 0.2

cs/U

FIG. 4. Plot of sina as a function of ¢,/U for different Froude
numbers Fr, obtained from simulations following (15). Blue
curves: iso-Fr contours from simulations, with Fr indicated above
each curve. Yellow squares: simulations run at the experimental
conditions. Red circles: experimental observations for compari-
son. The experimental data points that correspond to different
pulse speeds U move across iso-Fr curves, such that FrC S\/B_ =
(U/NGDN (u/pU?)(pgL? [7)"/* = [(4*/ (pgr)]'* is constant.
The inset shows the wake angle scales with the inverse of Fr,
for both experiments and simulations.

unexplored regime where gravity, capillarity, and elasto-
dynamics act together, while bringing together the classical
subjects of Rayleigh waves and Kelvin wakes. Our experi-
ments allow us to observe wakes behind a moving source as a
function of its speed and our theory shows how the geometric
simplicity of Mach-like wakes combines with the dispersive
character of gravity-capillary waves. Furthermore, we see
that elasticity leads to effective damping through radiative
leakage, even in the absence of viscosity. Altogether, our
approach also provides a quantitative foundation for probing
the dynamics of ultracompliant solid surfaces.
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[37] E.S. Crawford, Am. J. Phys. 52, 782 (1984).

dimensional version is

End Matter

Radiation and wake angles—To characterize the
nature and form of the wake, we examine the group
speed of the wave packets generated by the dispersive
system (13), since it determines where the energy of the
generated waves focuses spatially. The scaled group
speed, C, = ¢,/ U, corresponding to Eq. (13), is

_0Q 14 3K2/Bo? + 8¢, (2)F2CIK

C (K):=—=
o ) 0K 2Fr2Q

(A1)

In Fig. 5(a), we plot C, and the phase speed C, = Q/K
as a function of K. Just as for classical gravity-capillary
waves, there are two distinct branches: waves with
K e[K(C,),K*] lie on the elastogravity branch, where
C, < C,, characteristic of gravity waves, and those with
K€ [K*, K,(Cy)] lie on the elastocapillary branch,
where C, > C,,, analogous to capillary waves.

In Fig. 5(b), we show the geometry of monochromatic
waves associated with a single wave number generated by

the moving source. As it moves from S_; to S, where ¢
denotes the elapsed time, circular wave fronts emanate
from successive source locations on the horizontal axis.
Waves generated earliest at —¢ travel the farthest at the
phase speed c,, and their constructive interference with the
waves generated subsequently produces focusing of wave
amplitudes along a particular line. For each admissible
wave number in the range [K;(C,), K,(Cy)], this line is
characterized by the radiation angle p(K) between the
source velocity vector (—U) and the group velocity vector
of the wave packet in the moving frame (cylAc -U).
Following the geometric constructions in [26,37], and
considering the magnitudes and directions of the stationary
phase [17], the radiation angle of the wave group of a given

K is
tan B(E) = Cy(K)\/1—C3(K) |

1 = C,(K)Cp(K)

(A2)
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—— elasto-gravity branch
\  — clasto-capillary branch
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FIG. 5. (a) Dimensionless phase and group speeds as functions
of wave number from gravity-capillary elastodynamics (C; > 0)
following (14) and (A1), showing the elastogravity (C, < C))
and elastocapillary branches (C, > C,). (b) Schematic of the
stationary wake pattern from interference of monochromatic
waves generated by a source moving from S_, to S, adapted
from [26,37]. (c) Radiation angle f for allowed wave numbers at
fixed Bo, Fr, with varying shear-wave speeds C,, following (A2).
The dashed curves in (a) and (c) correspond to C, = 0. (d) Sche-
matic of the resultant wake pattern formed by superposition of
broadband waves, defining the characteristic angles.

We plot #(K) in Fig. 5(c) for different shear-wave speeds
by varying C,. Unlike pure gravity waves in deep water
where the wake arm is bounded at the classical Kelvin
angle, the radiation angle of free waves on ultrasoft solid
spans all directions, similar to gravity-capillary waves.
Wave numbers on the elastogravity branch radiate behind
source (f < 90?), whereas those on the elastocapillary
branch radiate in arbitrary directions including ahead of
the source (# > 90°). Increasing elasticity increases the

(@ (b)

~ Leading
~ ridge

Ying

-2 ---- leading ridge (a)

—— wake arm (B5) Xing

-2 0
XINg

FIG. 6. (a) Top and (b) 3D views of the surface wake pattern for
a representative case (Fr = 1.5,Bo = 3.7, C, = 0.01), showing
the difference between the leading dominant ridge (dashed),
characterized by the opening angle «, and the wake arm (solid),
characterized by the wake angle fs. The markers (x) in
(a) indicate the local extremum of the surface displacement field
in each ridge, and the connecting line passes through these
extrema across the successive ridges.

radiation angle of every allowable wave number. However,
the larger wave numbers, which radiate at larger angles, are
strongly damped due to elasticity, and thus appear less
prominently in the wake pattern.

The constructive interference of the individual wave
packets of different wave numbers, each radiating in
different angles p(K), generates the wake pattern with
multiple ridges behind the source [see Fig. 5(d)]. The
elevation peaks along these ridges determine the observed
wake angle fs, which is different from the opening angle of
the leading dominant ridge a. This distinction is shown for
a representative set of parameters in Fig. 6. We note that
spatial damping due to elasticity makes the observation and
measurement of fy in the experiments increasingly difficult
for larger Cy, thus driving our choice to measure « rather
than the entire wake pattern.
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