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How can a growing biological filament remain straight despite stochastic fluctuations in growth?
Motivated by filamentary structures that develop reproducibly across biological systems, we study
the stability of a noisy, growing elastic filament regulated by feedback. We formulate a minimal
model in which growth responds to the filament’s strain, curvature, and orientation through local or
nonlocal spatiotemporal feedback laws. Linear stability analysis identifies the conditions under which
these feedback mechanisms stabilize a straight configuration. In the presence of noise, we show that
purely local feedback requires orientation sensing to suppress long-wavelength instabilities, whereas
nonlocal feedback allows stabilization through proprioceptive (curvature) sensing alone. Coupling to
an elastic substrate further suppresses large-scale fluctuations. Our results establish minimal control
strategies that ensure robust straight growth and suggest experimental signatures for identifying the
feedback mechanisms underlying morphogenesis.

Introduction—Despite the well-documented role of
fluctuations at cellular scales during embryonic develop-
ment, tissue morphogenesis is remarkably reproducible
on the scale of whole organs or organisms. This sug-
gests that feedback-control mechanisms regulate develop-
ment to ensure robust morphodynamics [1–4]. To achieve
this, the system must continuously sense its internal
state (interoception), its environment (exteroception), or
both, and adjust growth accordingly [5–8]. These feed-
back processes are particularly relevant for slender ge-
ometries, such as filamentous and membranous objects,
because they are highly susceptible to long-wavelength,
low-energy deformations that are easy to excite and thus
difficult to control.

Here we focus on the shape and growth of quasi-one-
dimensional filamentous structures observed in settings
spanning multiple time and length scales, as shown in
Fig. 1. The most common interoceptive mechanisms in
this context are proprioception (sensing one’s own shape)
and strain sensing. The former has been shown to be re-
quired for the straight growth of plant shoots and verte-
brate spines [9–13], as well as for posture control [14–
16]; see Fig. 1(a,b). The latter is known to be rele-
vant in collective cell dynamics [17, 18]. Complement-
ing these interoceptive mechanisms, external signals can
serve as an orienting mechanism, establishing a preferred
orientation, while mechanical coupling to a substrate
can define a preferred plane. For example, the gravi-
tational field allows growing plants to distinguish “up”
and “down” (Fig. 1(a)) [19–21], while a chemical gradi-
ent allows directed growth of cells or axons (Fig. 1(c,d)),
whose dynamics are also affected by substrate proper-
ties [17, 22–25]. These sensing mechanisms then dynam-
ically regulate growth, e.g., through growth-hormone sig-
naling [2, 26–28] or cell division [11, 17], thereby creating
a closed feedback loop that allows for tight control of de-

velopment. A more detailed description in the context of
plant growth is given in SM Sec. SII.

In all cases shown in Fig. 1, development is impaired
in the absence of feedback [12, 13, 19, 22, 25], leading to
misoriented growth, uncontrolled filament deformations,
or both. However, how these mechanisms interact, and
what minimal set is required for robust development, re-
mains unclear both experimentally and theoretically. We
introduce a model of a noisy, growing one-dimensional
elastic filament, implement different feedback laws that

Figure 1. Biological examples of straight growth. (a)
Initially horizontal Arabidopsis grows to align with the verti-
cal gravitational field. Adapted from Ref. [19]. (b) Mechano-
and chemosensitive neurons detect spinal curvature during de-
velopment and are required to guarantee a straight spine, e.g.,
in zebrafish (right). Adapted from Ref. [13] (left) and Ref. [12]
(right). (c) Directed collective cell migration forms the lateral
line primordium in zebrafish guided by a chemokine signal.
Adapted from Ref. [22]. (d) Axon growth in the Drosophila
wing is guided by external signals. Adapted from Ref. [25].
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Figure 2. Theoretical model. (a) Sketch of an elastic fila-
ment in two-dimensional space (x; z) described by the coor-
dinate s. The filament’s orientation is described by an angle
�(s) and it can grow in-line (� g) and out-of-line (� g). The
filament is coupled to a substrate at height w = 0 through
“springs” of stiffness k (see Eq. (1)), and there is a preferred
orientation � p . (b) Sketch of our framework, in which an
elastic filament grows and feedback allows the filament’s state
(strain �, orientation �, and curvature �) to modify the growth
via the feedback laws in Eq. (3).

capture the aforementioned sensing mechanisms, and an-
alyze their effects on linear stability. This yields a phase
diagram linking biological control strategies to stable
morphologies.

Model—The filament is assumed to be an elongated
quasi-one-dimensional structure embedded in a two-
dimensional plane and parametrized by a coordinate
s 2 [0; L(t)], where L(t) is the total length, which changes
over time due to growth. Growth is introduced as an in-
trinsically driven change in the filament’s ground state
over time and is represented by an in-line axial displace-
ment field u(s; t) (and a concomitant strain � = @su)
and an out-of-line transverse displacement field w(s; t)
(and a concomitant orientation � = @sw and curvature
� = @2

s w). See Fig. 2(a) for a sketch and SM Tab. S1
for a list of all parameters. We assume that the filament
behaves as an elastic structure with a free energy density
that can be expressed as

F(t) =
Z

ds
�

S
2

� e(s; t) 2 +
B
2

� e(s; t) 2 +
k
2

w(s; t) 2
�

;

(1)
where S and B are stretching and bending stiffnesses, re-
spectively, and � e(s; t) = @su � � g and � e(s; t) = @2

s w � � g
are the elastic strain and curvature due to incompatibil-
ity with the in-line growth strain � g and the out-of-line
growth curvature � g [29–31]. See SM Sec. SI for further
details. We further add a Hookean contribution describ-
ing the coupling to a substrate, where k is an elastic con-

stant that penalizes transverse deformations w(s; t). We
note that our framework is limited to small deformations,
where the control framework is most relevant, because
the state can then be sensed, and regulatory feedback
implemented, more readily. We also note that growth af-
fects the free energy only if it induces strain or curvature;
otherwise, it does not appear in this framework. The lin-
ear equations determining the energy-minimizing shape
are then found to be (see Fig. 2(b))

S@s [@su(s; t) � � g(s; t)] = 0 ; (2a)

B@2
s

�
@2

s w(s; t) � � g(s; t)
�

+ kw(s; t) = 0 : (2b)

We see that if the growth fields were arbitrary, this would
result in internal stresses accumulating over time due to
geometric incompatibility. The fact that this is not ob-
served in most naturally developing systems suggests that
the growth fields are regulated by the state of the system,
thereby limiting the uncontrolled accumulation of inter-
nal stresses (see Fig. 2(b)). The system’s state comprises
the strain �, orientation � (relative to the substrate or
some other environmental cue � p), and curvature/shape
�, so that the general leading-order feedback law must
have the form:

@t � g(s; t) =
Z

ds′dt ′ [F� �(s ′; t ′) + F � sin (�(s ′; t ′) � � p)

+F � �(s ′; t ′)] + � � (s; t) ; (3a)

@t � g(s; t) =
Z

ds′dt ′ [G� �(s ′; t ′) + G � sin (�(s ′; t ′) � � p)

+G � �(s ′; t ′)] + � � (s; t) : (3b)

Here, Fi � F i (t; t ′; s; s′) and G i � G i (t; t ′; s; s′) are inte-
gral kernels that allow the growth fields f� g; � gg at co-
ordinates (s; t) to depend on the state fields i 2 f�; �; �g
at other positions s′ and earlier times t ′, corresponding
respectively to nonlocal and time-delayed feedback. The
growth will in general fluctuate due to sources that could
be internal (e.g., variability in cell growth) or external
(e.g., fluctuating environmental conditions). We combine
all these effects into a single effective noise � = f� � ; � � g,
which has zero mean and white-noise correlations en-
coded by



� � (s; t)� †

� (s′; t ′)
�

= D u �(s � s ′)�(t � t ′) (4a)


� � (s; t)� †

� (s′; t ′)
�

= D w �(s � s ′)�(t � t ′) ; (4b)

with Du and Dw constants [32]. Eqs. (2)–(4) constitute
a complete linearized set of equations for f� g; � g; u; wg
encoding the mutual coupling of growth and shape. This
sets the stage for the investigation of the linear stability of
a growing filament that is initially straight with �(s; t =
0) = � p.

Local, instantaneous feedback—For k = 0, correspond-
ing to no coupling to a substrate, Eqs. (2) and (3) can
be combined into

@s@t V =
Z

G � V ds ′dt ′ + �(s; t) ; (5)
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Figure 3. Local, instantaneous feedback. (a) The real
(top) and imaginary (bottom) parts of the eigenvalues for dif-
ferent parameter values, with f � = g � = 1, obtained from
the stability matrix given by Eq. (7). The coefficients f i and
gi denote feedback from the state variables i 2 f�; �; �g onto
axial and curvature growth, respectively. �f i / f i g� is the
rescaled parameter with “coupling” g� . (b) The stability dia-
gram summarizes the regions of linear stability and instability
in the long-wavelength limit (q ! 0), with �f � and g� as the
relevant parameters. Stable and unstable regions are shown
in green and red, respectively, and stars indicate the param-
eter values used in panel (a). (c) The corresponding diagram
for the short-wavelength limit (q ! 1), where the relevant
parameters are �f � and g� . Throughout, we set f � = 1.

where V (s; t) = (u(s; t); �(s; t)) ⊤, G is the matrix of in-
tegral kernels, and � is the vector-valued noise (see SM
Sec. SIII for the full expressions). First, we analyze the
simplest case of local, instantaneous feedback, that is

Fi (s; s′; t; t ′) = �f i �(s � s ′)�(t � t ′) ; (6a)
Gi (s; s′; t; t ′) = �g i �(s � s ′)�(t � t ′) : (6b)

The coefficients f i quantify how each local state vari-
able i regulates axial growth, whereas the coefficients gi
quantify how the same state variables regulate curvature
growth. Note that positive values of f i ; gi correspond to
negative feedback: a positive local value of state variable
i decreases the corresponding growth rate. Conversely,
negative values correspond to positive feedback.

In the deterministic limit, we perform a linear stability
analysis using the ansatz (u; �) = (u 0; � 0)eiqs+�t , which
allows us to write Eq. (5) as [�1 � K] � V = 0 with

K(q) =
�

�f � �f � + if � =q
�g � �g � + ig � =q

�
; (7)

and we solve det [�1 � K] = 0 for the growth rates �.
Defining �f � � f � g� =g� and �f � � f � g� removes the ex-
plicit dependence on g� from what follows. Thus, the

rescaled parameters measure the effective strength of
axial-growth feedback after weighting by g� , the coupling
from strain to curvature growth. Fig. 3(a) shows the real
and imaginary parts of the eigenvalues �(q) for different
parameter values. In the long-wavelength limit (q ! 0),
Im � � g � =q and thus diverges whenever g� 6= 0, indicat-
ing oscillatory filament dynamics. These oscillations are
damped only if Re � < 0, which is the condition for sta-
bility. The resulting stability diagram and corresponding
bounds are shown in Fig. 3(b). In the short-wavelength
limit (q ! 1), the imaginary part approaches a con-
stant, whereas the real part is again negative only over a
restricted region of parameter space; see Fig. 3(c). Since
the real parts vary monotonically with q, stability in both
asymptotic limits guarantees stability at all wavelengths.
In the special case of equal coefficients, f i = g i = g,
the condition Re � < 0 requires g > 0, so the feed-
back is purely damping. More generally, however, the
parameters are not constrained to be positive; see Fig. 3.
For example, sufficiently strong proprioceptive feedback
g� stabilizes the system independently of the remaining
feedback parameters (additional details are provided in
SM Sec. SIII).

We now consider the effect of noise. States that are
stable in the deterministic limit may be destabilized by
noise. To investigate the stability in the presence of noise,
we consider the angular fluctuations, which vanish for a
straight filament. With �̂(q; 
) the Fourier transform of
�(s; t), where � = i
, we have



�(s; t) 2�

’
Z

dq d
 dq ′ d
 ′

(2�) 4

D
�̂(q; 
) �̂ †(q′; 
 ′)

E
: (8)

We leave the derivation of the explicit expression to the
Appendix and SM Sec. SIII, and present here a simplified
derivation that preserves the essential results while short-
ening the expressions and clarifying their origin. Specif-
ically, we set f i = 0 and g � = 0. Combining Eqs. (5)
and (6), and Fourier transforming, we obtain a single
equation for the angle field, independent of u:

q
 �̂ = g � �̂ + iqg � �̂ � �̂ � : (9)

This can be solved straightforwardly for �̂. Using Eq. (4),
we then find that Eq. (8) can be written as



�(s; t) 2�

’
Z

dq d

(2�) 2 P� (q; 
) ; (10a)

where

P� (q; 
) =
Dw

q2g2
� + (g � � q
) 2 : (10b)

Thus, P� ! 0 as q ! 1, and noise is irrelevant at short
length scales. At large scales, however, stability requires
P� � q k with k � 0, since the correlation function in
Eq. (10a) scales as

R
dq P� . That is, without feedback
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(gi = 0), P � � q −2, and height fluctuations always di-
verge for small q if noise is present (Dw 6= 0). This di-
vergence persists even in the presence of proprioceptive
feedback (g� 6= 0), because bending becomes negligible
as q ! 0, since the corresponding term � @ 2

s w is small,
as is evident from Eq. (9). Consequently, proprioceptive
feedback cannot protect against long-wavelength insta-
bilities, which involve small-curvature deformations. By
contrast, if g� 6= 0, P� remains finite and P� � D w =g2

�
as q ! 0, because the orientation term � @ sw dominates
over the bending term � @2

s w for small q (cf. Eq. (9)).
Hence, because orientation sensing acts along the entire
filament, it can suppress long-wavelength deviations from
the straight state. The same conclusion holds for the
full problem: with local feedback, orientation sensing is
necessary to prevent noise-induced instabilities (see Ap-
pendix and SM Sec. SIII).

Nonlocal, time-delayed feedback—In many biological
systems, sensing and response are mediated by informa-
tion transport, for example through hormonal signaling,
thereby producing a nonlocal response to the system’s
state. We capture this by modifying the local feedback
kernels in Eq. (6) to include a nonlocal contribution of
the form

Fi (s; t) = �f i �(s)�(t) � ’ i GS(s; t) ; (11a)
Gi (s; t) = �g i �(s)�(t) � 
 i GS(s; t) : (11b)

The coefficients ’ i and 
 i set the strength of the nonlocal
feedback mediated by the transported signal GS(s; t). To
describe signal propagation, we follow Ref. [31] and con-
sider the simple case of diffusive transport with a charac-
teristic delay timescale � −1. Assuming that elastic relax-
ation is much faster than signal propagation, we work in
the elastostatic limit, for which �G S(s; t) = ��(s)e −�t .
The Fourier transforms of the feedback kernels in Eq. (11)
then take the form

F̂i (q; 
) = �f i �
’ i

� + i

1
q2 ; (12a)

Ĝi (q; 
) = �g i �

 i

� + i

1
q2 : (12b)

In the absence of noise, we can again analyze the
linear stability by solving the characteristic equation
det [�1 � K(q; �)] = 0 for �, as above, where K is given
by Eq. (7) after the replacements f i ! F̂i and gi ! Ĝi .
There are now four eigenvalues (see SM Sec. SIV for their
expressions). As q ! 1, the parameters ’ i and 
 i do
not enter, and we find the same conditions as above for
the real parts to be nonpositive, together with the con-
dition � > 0. On the other hand, for q ! 0, the nonlocal
feedback is relevant due to the q−2 scaling in Eq. (12).
We find that taking the limits 
 � ; ’ � 
 � ! 0 is necessary
for stability, as otherwise Re � always diverges (see SM
Sec. SIV). After taking these limits, the expressions for
� are too complex to write explicitly, and thus we con-
sider two simplifying cases: dominant nonlocal feedback

Figure 4. Nonlocal feedback. (a) Stability diagram for
nonlocal feedback in the limit where local feedback is negligi-
ble (f i = g i = 0), with �’ � = ’ � 
 � rescaled by the “coupling”

 � . We choose ’ � = 1 here; see SM Sec. SIV for a differ-
ent choice. The axes 
 � and �’ � denote the strengths of the
nonlocal feedback by which the system’s curvature regulates
the growth fields. (b) Stability diagram assuming equal mag-
nitudes for the feedback coefficients, i.e., f i = g i = g and
’ i = 
 i = 
. We choose � = 5 here; see SM Sec. SIV for
a different choice and for the derivation of the bounds in (a)
and (b). We used 
 � = 0 and �’ � = 0 throughout.

(f i ; gi � 0) and equal feedback magnitudes (f i = g i = g
and ’ i = 
 i = 
). It is then straightforward to analyze
the eigenvalues as before. The resulting stability dia-
grams and bounds are shown in Fig. 4; see SM Sec. SIV
for the explicit derivation.

In the presence of noise, we compute the angular corre-
lation function as before. The full discussion is presented
in the Appendix and SM Sec. SIV. Here we again focus on
a simple case that highlights the main features. Specifi-
cally, we restrict the analysis to the height equation and
set Fi = 0 and G � = 0. Analogously to Eq. (9), we then
find

q
 �̂ = � Ĝ� (q; 
) �̂ � iq Ĝ� (q; 
) �̂ � �̂ � : (13)

As in the local case, the effect of feedback is relevant
only in the limit q ! 0. Solving this equation for �̂ and
computing the correlation function, we obtain

P� =
Dw

�
� 2 + 
 2�

q4


 2
� + (2�g � 
 � + 
 2

� )q2 + O (q 3)
; (14)

where we have expanded the denominator to highlight
the role of nonlocal feedback for q ! 0. As expected
from the scaling in Eqs. (12), the nonlocal terms / 
 i
dominate over the local terms gi . Moreover, this expres-
sion is structurally similar to Eq. (10b), but because of
the q−2 scaling of the nonlocal feedback, the propriocep-
tive term alone is now sufficient to stabilize the system:
P� ! 0 as q ! 0 even in the absence of orientation
sensing (G� = 0). In addition, we find several other
minimal combinations of feedback parameters for which
P� remains finite, with the scaling of P� (q) depending
on which parameters are nonzero. These cases are sum-
marized in Tab. I in the Appendix. Hence, appropriate
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combinations of nonlocal feedback can suppress noise-
induced long-wavelength instabilities, while short wave-
lengths remain unaffected.

Elastic substrate—Finally, we consider the effect of a
substrate to which the growing filament is coupled elas-
tically. We thus take k 6= 0 such that translational
symmetry is now broken. Furthermore, for simplicity,
we set f � = g � = g and all other feedback parame-
ters are set to zero, to focus on the effect of the elas-
tic substrate. In the deterministic limit, we then have
K = diag[�g; �gq 4=(q4 + ~k)], with ~k = k=B, from which
the eigenvalues are found immediately. Hence, as before,
the flat state is stable if g > 0. The elastic substrate
does not modify the stability. However, in the presence
of noise, we obtain from Eq. (2b) that

i
q 4ŵ + gq4ŵ + q 2�̂ � + i
 ~kŵ = 0 (15)

and it follows that the substrate term is dominant as
q ! 0. In this limit, ŵ � q 2�̂ � =~k, so that P� � q 6. The
full correlation function is found to be

P� =
Dw q6

g2q8 + ( ~k + q 4)2
 2
�

q→0

Dw q6

~k2
 2
+ O

�
q7�

: (16)

Hence, coupling to an elastic substrate can strongly sup-
press noise-induced long-wavelength fluctuations, while
short length scales are not affected by the presence of
the elastic substrate.

Discussion—We have investigated the stabilizing ef-
fect of feedback in a stochastically growing elastic fila-
ment with strain, orientation, and curvature sensing. In
the deterministic limit, we find constraints on the feed-
back that must be satisfied to guarantee linear stability.
In particular, a system with nonlocal orientation sens-
ing is always unstable. In the presence of noise, orien-
tation sensing is required for stability under local feed-
back, while under nonlocal feedback, proprioception can
also suppress divergences. Different combinations of pa-
rameters are found to give rise to different scalings of
the angle-angle correlation function, as summarized in
Tab. I. In general, orientation sensing suppresses diver-
gences more strongly than the corresponding curvature
sensing, and large-scale deviations from the flat state are
most strongly suppressed through coupling to an elas-
tic substrate. While much is known about growth and
feedback, the effects of noise remain less well understood.
In a few cases, such as plant growth, it has been shown
that gravity/orientation sensing is required for straight
growth [11, 20, 21]. However, as noted in the introduc-
tion, similar feedback mechanisms operate across organ-
isms and scales, yet the role of noise has rarely been
addressed. Our results suggest experimental strategies,
such as measuring angle fluctuations, to identify which
feedback mechanisms are present and which are required
for stable growth.

Our analysis of the growth of a one-dimensional fila-
ment in two-dimensional space excludes geometric tor-

sion and physical twist. For small three-dimensional
deformations of a helically growing filament, many of
our results can be easily generalized by mapping � !
�(sin �(s); cos �(s)). Comparing our results with those
for the growth of sheets, we note that our results for
purely proprioceptive feedback are consistent with those
of Ref. [31]. However, the results for orientation sens-
ing probe a different modality, and it remains unclear
how this type of sensing extends to sheets, since their
orientation cannot be described by a single scalar �, but
instead requires a vector field corresponding to the lo-
cal normal. On the other hand, substrate coupling is
expected to have a similar stabilizing effect and may be
relevant to structurally colored petal patterns [33], where
the impact of noise has not yet been characterized.

We note that our exploratory study is limited to the
linear regime. Natural next steps include the study of
feedback-driven growth in highly curved and twisted fil-
aments and sheets. Additionally, because both growth
and sensing are generally noisy, accounting for measure-
ment errors and characterizing the role of self-estimation
and shape filtering in growing structures are important
goals for future work.
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APPENDIX

Here we present the full derivation of the explicit
expression for the noise-induced angular fluctuations

�(s; t) 2�

. We have



�(s; t) 2�

’
Z

dq d

(2�) 2

Z
dq′ d
 ′

(2�) 2

D
�̂(q; 
) �̂ †(q′; 
 ′)

E
;

(17)
where �̂(q; 
) is the Fourier transform of �(s; t). We thus
need to find an expression for the correlation function ap-
pearing here. To this end we assume that the noise fields
introduced in the growth equations have the white noise
spectrum in Eq. (4). Furthermore, these noise terms are
related to the noise fields associated with u and � through
� � (s; t) = @s � u (s; t) and � � (s; t) = @s � � (s; t) such that
in Fourier space
D

X̂(q; 
) X̂ †(q′; 
 ′)
E

= (2�) 2 D(q)�(q � q ′)�(
 � 
 ′) ;
(18)

where D(q) = diag(D u =q2; Dw =q2) and X̂ =
(�̂ u (q; 
); �̂ � (q; 
)) ⊤. We can therefore write the local
and instantaneous limit of Eqs. (5) in Fourier space as

i
1 � V̂ = K(q) � V̂ + X̂ ; (19)
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with V̂ = (û(q; 
); �̂(q; 
)) ⊤ and K(q) as before (cf.
Eq. (7)). Solving for V̂ then yields

V̂ = [i
1 � K(q)] −1 � X̂ � T � X̂ ; (20)

where we defined T � [i
1 � K(q)] −1 to make the fol-
lowing expressions shorter. From this the angular corre-
lation function is found. Namely, using Eq. (18), we find
from the previous equation that
D

V̂ (q; 
) V̂ †(q′; 
 ′)
E

= P (q; q ′; 
; 
 ′)�(q � q ′)�(
 � 
 ′) ;
(21a)

where we have defined the correlation matrix

P (q; q′; 
; 
 ′) � T (q; 
) � D(q) � T †(q′; 
 ′) : (21b)

The (2; 2)-component of P then yields the correlation
function of the angle field. Substituting the expression
into Eq. (17), we find



�(s; t) 2�

’
Z

dq d

(2�) 2 P22(q; 
) ; (22)

where P22(q; 
) = T 2i D ij T †
j2 . Using the definitions of T

and D, we then find

P� � P 22 =
Du g2

� + D w
�
f 2

� + 
 2�

jDj 2 ; (23a)

where

D = q
�
f � g� � f � g� � i(f � + g � )
 + 
 2�

+ i [f � g� � f � g� + ig � 
] : (23b)

Thus, P� ! 0 as q ! 1, so noise does not affect short
length scales. At large scales, however, without feedback
(f i ; gi = 0), P � � q −2. This divergence remains even
when f � , f � , f � , and g� are nonzero, in which case

P� =
Dw

q2 (g2
� + 
 2)

(24)

and height fluctuations always diverge for small q if
Dw 6= 0. By contrast, if g� 6= 0 or �f � 6= 0, the system is
stabilized. We find

P� jq→0 =
Du g2

� + D w
�
f 2

� + 
 2�

(f � g� � g � f � )
2 + g 2

� 
 2
+ O(q) : (25)

The strain-orientation term f � only appears coupled to
g� ; g� appears on its own.

For nonlocal feedback, expanding about q = 0 yields

P� jq→0 =
Du 
 2

� + D w ’ 2
�

(’ � 
 � � 
 � ’ � )
2

�
� 2 + 
 2�

q4 + O
�
q6�

; (26)

which is similar to Eq. (25) but with a different scaling.
When taking 
 � ; ’ � 
 � ! 0 (to guarantee stability in the
deterministic limit) we instead find

P� jq→0 =
Du 
 2

� + D w ’ 2
�

(’ � 
 � � 
 � ’ � )
2

�
� 2 + 
 2�

q2 + O
�
q4�

; (27)

Scaling Parameters
P� � q 0 g� 6= 0 or f� 
 � 6= 0 or f� g� 6= 0
P� � q 2 
 � 6= 0 or ’ � 
 � 6= 0 or ’ � g� 6= 0
P� � q 4 
 � 6= 0 or ’ � 
 � 6= 0 or ’ � g� 6= 0
P� � q 6 k 6= 0 (elastic substrate)

Table I. Scaling of angle fluctuations. Left: scalings for
which P� (angular correlation) remains finite as q ! 0. Right:
corresponding nonzero parameters (all others set to zero),
with f i ; gi and 
 i ; ’ i local and nonlocal feedback parameters,
respectively. As explained in the main text, the deterministic
system is unstable if 
 � 6= 0 or ’ � 
 � 6= 0.

i.e., proprioceptive terms “replace” the orientation-
sensing terms in Eq. (26).

As explained in the main text, having 
 � 6= 0 while
all other parameters vanish is sufficient to obtain a fi-
nite P� (q) as q ! 0. In addition, we find several other
cases for which P� is finite. All minimal combinations of
parameters are summarized in Tab. I together with the
respective q-scaling of P� (q) as q ! 0. Note that the
curvature-strain terms fg � ; 
 � g only appear coupled to
either the strain-orientation terms ff � ; ’ � g or the strain-
curvature terms ff � ; ’ � g. Different combinations give
rise to different scalings of P� (q). By contrast, ff i ; ’ i g
never appear independently, whereas fg � ; 
 � ; 
 � g do. The
full expressions are given in SM Sec. SIV.
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SI. PARAMETERS AND DYNAMIC EQUATIONS

A. Table of Parameters

Parameter/�eld Meaning Parameter/�eld Meaning
S Elastic stretching coe�cient w(s; t) Out-of-line displacement
B Elastic bending coe�cient �(s; t) = @ sw Angle
k Coupling to substrate � p Preferred angle

� e(s; t) Elastic strain �(s; t) = @ 2
s w Curvature

� e(s; t) Elastic curvature � j (s; t) Noise
� g (s; t) Strain growth f i Local feedback on strain growth
� g (s; t) Curvature growth gi Local feedback on curvature growth

u In-line displacement ’ i Nonlocal feedback on strain growth
� = @su Strain 
 i Nonlocal feedback on curvature growth

Table S1. Parameters and �elds. We summarize the main parameters and �elds, their meaning, as well as some relations.

In Tab. S1, we list the parameters and �elds used in this work, together with their interpretation.

B. Derivation of Equations

To model the growing �lament, we combine three key components: (i) the �lament is represented as an elongated
quasi-one-dimensional elastic structure, with a speci�c expression for the free energy; (ii) a growth law that dictates
the precise manner in which growth occurs; and (iii) a feedback law that allows internal and external signals to
in�uence the growth over time and space. The remainder of this section provides a more detailed explanation of each
of these components. We assume that the �lament behaves as a purely elastic structure. In the absence of growth,
there is a unique, time-independent ground state, and perturbations to this ground state incur an energetic cost. We
consider the linearized free energy

F =
Z

dA
S
2

� e(s; t) 2 +
B
2

� e(s; t) 2 +
k
2

w(s; t) 2 ; (S1)

which is the sum of the elastic stretching energy, the elastic bending energy, and a Hookean coupling to a substrate,
with elastic constants S, B, and k, respectively. The integration is over the length L(t) of the �lament as well as the
width, which is assumed to be much smaller than the length such that the structure is quasi-one-dimensional. In the
absence of growth, �e = @su and � e = @2

s w are the equilibrium strain and curvature, with u(s; t) the in-line and w(s; t)
the out-of-line deformation. Through the third term, the �lament is coupled to a substrate taken to be at w = 0 and
therefore breaking translation invariance.

The �lament can undergo either in-line or out-of-line growth. For a quasi-one-dimensional structure with a �nite
but small width, in-line growth occurs when both sides of the �lament grow at the same rate, leading to an increase
in the length of the �at structure. In contrast, out-of-line growth occurs when one side grows faster than the other,
resulting in unequal lengths on the two sides and causing the �lament to bend. In both cases, we model these two
modes of growth as modi�cations to the ground state of the �lament. Namely, denoting by �g the strain due to in-line
growth and by � g the curvature due to out-of-line growth, we can write [1�3]

�(s; t) = � e(s; t) + � g(s; t) = @su(s; t) ; (S2a)

�(s; t) = � e(s; t) + � g(s; t) = @2
s w(s; t) : (S2b)

Comparing these expressions with those above shows how growth modi�es the ground state. Therefore, depending
on the precise form of the growth f�g; � gg the elastic energy can either increase or decrease over time. Note that if
growth does not induce any change in strain or curvature, it does not contribute to the free energy and, as a result,
does not appear in this framework. For instance, one could imagine an elastic structure growing homogeneously and
isotropically in-line, where no growth-induced strain or curvature is generated. In such a case, the elastic energy of
the �lament remains una�ected, and growth does not explicitly enter the equations presented here. Minimizing the
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free energy with respect to u and w yields two equations:

�F
�u

= �S@ s (@su(s; t) � � g(s; t)) = 0 ; (S3a)

�F
�w

= B@2
s

�
@2

s w(s; t) � � g(s; t)
�

+ kw = 0 : (S3b)

It thus remains to specify the growth �eld. In principle, one could impose an arbitrary growth �eld in both space and
time. However, such growth could lead to a state where internal stresses accumulate over time due to incompatible
growth, meaning that di�erent regions of the �lament grow in an uncoordinated manner. To prevent this, it is
expected that the growth �elds at a given time would be in�uenced by the stresses present in the system at that
time (or possibly also earlier times). In this way, growth could be reduced, for example, in regions of high stress,
allowing for self-regulation of the growth and stress �elds, thereby preventing the accumulation of internal stresses.
The feedback laws we consider can be written in their most general form as:

@t � g(s; t) =
Z

ds0dt0[F� �(s 0; t0) + F � sin (�(s 0; t0) � � p ) + F � �(s 0; t0)] + � � (s; t) ; (S4a)

@t � g(s; t) =
Z

ds0dt0[G� �(s 0; t0) + G � sin (�(s 0; t0) � � p ) + G � �(s 0; t0)] + � � (s; t) ; (S4b)

where Fi � F i (t; t 0; s; s0) and Gi � G i (t; t 0; s; s0) are integral kernels allowing for the growth �elds at (s; t) to be a�ected
by �elds at di�erent positions s 0 (nonlocal feedback) and at di�erent times t0 (time-delayed feedback). Furthermore,
the terms proportional to F � and G� specify that there is a preferred orientation of the �lament. � p is a free parameter
that determines the angle of the preferred orientation while �(s0; t0) is the angle of the �lament at point (s 0; t0).

In the absence of an elastic substrate (k = 0), combining Eqs. (S3) and (S4) yields

@t @su(s; t) =
Z

ds0dt0[F� �(s 0; t0) + F � sin (�(s 0; t0) � � p ) + F � �(s 0; t0)] + � � (s; t) ; (S5a)

@t @2
s w(s; t) =

Z
ds0dt0[G� �(s 0; t0) + G � sin (�(s 0; t0) � � p ) + G � �(s 0; t0)] + � � (s; t) : (S5b)

In the simplest case of local and instantaneous feedback, Fi (t; t 0; s; s0) = �f i �(s � s 0)�(t � t 0) and Gi (t; t 0; s; s0) =
�g i �(s � s 0)�(t � t 0), with parameters f i and gi , such that the growth at (s; t) is a�ected only by the conditions at
the same time and point in space. Then, Eqs. (S5) reduce to

@t @su(s; t) ’ � f � �(s; t) � f � sin(�(s; t) � � p ) � f � �(s; t) + � � (s; t) ; (S6a)

@t @2
s w(s; t) ’ � g � �(s; t) � g � sin(�(s; t) � � p ) � g � �(s; t) + � � (s; t) : (S6b)

SII. A PARADIGMATIC EXAMPLE: GROWING PLANT SHOOTS

In recent years, plants have served as a paradigmatic example where the interplay of growth, feedback, and noise
has been investigated in great detail. We describe here in more detail the feedback mechanisms that have been found
to be relevant during plant morphogenesis to regulate development. Furthermore, we show how our model connects
to the classic work of Bastien et al. [4], where proprioceptive feedback and orientation sensing (graviotropism, sensing
of the gravitational �eld) were modeled to explain the experimentally observed growth dynamics of plants.

A. Details on Plant Feedback System

The growth of animal tissues primarily occurs through cell division, but in plant tissues, growth can also be driven
by the expansion of cell size [5]. Recent studies tracking cell shape and growth rates have provided insights into
the stochastic nature of cellular growth [6]. For instance, it has been observed that neighboring cells can exhibit
signi�cantly di�erent expansion rates [5, 7], leading to a highly noisy growth �eld. In fact, it has been proposed that
noise may be essential for robust development, with abnormalities arising in the absence of such noisy growth [6]. As
noted, this raises the question of how shape dynamics are controlled at the macroscopic scale. In recent years, sensing
and feedback mechanisms have emerged as promising candidates for regulating these processes [5, 6, 8, 9].

Sensing involves the processing of external and internal information. It has been demonstrated, for example, that
amyloplasts are involved in sensing the gravitational �eld [10, 11], enabling the plant to perceive �up� and �down�
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Figure S1. Reorientation toward the gravitational �eld. (a) Sketch of the initial horizontal condition and the time
evolution as the �lament bends upward. (b) For di�erent values of the parameters g � and g� we show the shape in real space
(at t = 20), the time evolution of the angle at the tip �(L), and the angle along the �lament �(s) at t = 20 as found when
solving Eq. (S7). The inset in the second panel highlights that for g � = 0 the �lament oscillates inde�nitely. (c) For di�erent
values of the parameters ~f � and ~f � (as de�ned in the text) and for ~g � = 0:2 we show the same information as in (b) as well as
the strain along the �lament.

even in the absence of sunlight, which is also utilized as a source of information (phototropism). Other external
forces, such as wind, can also in�uence growth. Internal sensing refers to the �measurement� of internal strains and
curvature. Cortical microtubules (CMTs) within plant cells have been shown to rearrange their orientation in response
to the forces acting on a cell. Speci�cally, when a cell is stretched or compressed anisotropically, the CMTs align with
the direction of maximal tension, thereby increasing the sti�ness of the cell in that direction. In this way, internal
stresses in�uence cellular growth [12]. Furthermore, actin cables oriented along a growing stem have been implicated
in sensing curvature, allowing the growing organism to infer information about its own shape, a process known as
proprioception [4, 6, 10, 13, 14]. These sensing mechanisms are connected to feedback systems that modulate growth
accordingly. For instance, the realignment of CMTs described above is thought to regulate growth rate and direction
in response to local tissue stresses. Additionally, the plant hormone auxin has been identi�ed as a key regulator
of growth, with higher (or lower) concentrations promoting (or inhibiting) growth [15, 16]. Auxin has been shown
to be released in response to shape deformations, thereby self-correcting deviations from the desired growth pattern
and, for example, maintaining sepal �atness [17]. In fact, active transport of auxin through the tissues, mediated by
the cell-membrane-localized PIN1 protein [5], facilitates growth regulation at the supercellular level. In this manner,
sensing and feedback mechanisms are thought to ensure robust development, although many details of these processes
remain unknown.

B. Bending of a Growing Plant Shoot

Bastien et al. [4] studied (in our notation) the following equation:

@t �(s; t) = �g � sin(�(s; t) � � p ) � g � �(s; t) : (S7)

It is thus the deterministic limit of Eqs. (S6) where f i = 0 and g� = 0. This model has been used to explain the
observed upward bending of an initially horizontal plant shoot towards the vertical direction, induced by the presence
of the gravitational �eld, see Fig. S1(a). The shoot is �xed at the origin such that its orientation there cannot change,
thus �(s = 0; t) = 0. We show the solution of Eq. (S7) for selected parameter values in Fig. S1(b). It is found that
for a certain range of parameter values, the plant shoot reaches a steady state where it is bent upwards, with the
precise shape at long times determined by the choice of these parameters. If g� = 0, the plant remains horizontal
and does not bend. However, if g� = 0 but g � 6= 0, the �lament bends but does not reach a steady state. Instead, it
continuously oscillates with decreasing amplitude. To explain this behavior, we analyze the stability of the straight
state. Namely, linearizing the above equation about � = � p + �� = �=2 + �� yields

@t @s ��(s; t) = �g � ��(s; t) � g � @s ��(s; t) ; (S8)
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where � = @s � was used. To investigate for which parameters the system reaches a steady state at long times we
substitute

��(s; t) = � 0eiqs+�t (S9)

to �nd

� = �g � + i
g�

q
: (S10)

If the real part of � is positive, the system is unstable as the expression in Eq. (S9) diverges exponentially for large t such
that �� grows without bound. On the other hand, if it is negative, the system is linearly stable; a small perturbation
of the initial state will decay in time and the system will relax to its ground state for large times as �� ! 0. If the
eigenvalues have a nonzero imaginary part, the system is oscillatory. Therefore, if g� > 0, Re [�] = �g � < 0 and
the system is stable. On the other hand, if g� = 0, then � is purely imaginary and the system is oscillatory. This
explains the observation in Fig. S1(b) that the �lament continues to oscillate inde�nitely. The proprioceptive term
g� � is required for reaching a stable state in �nite time.

We can now study the same scenario in our more general setting where we include the dynamics of the strain �eld,
cf. Eqs. (S6). We reduce the number of parameters by de�ning dimensionless coordinates for time~t = f � t and space
~s = sg� =f � . Furthermore, we can then de�ne the dimensionless parameters ~g� = g � =f � , ~g� = g � =g� , ~f � = f � ~g� =f � , and
~f � = f � ~g� g� =f 2

� such that there are only three free parameters � namely ~f � , ~f � , and ~g� � and the deterministic limit
of Eqs. (S6) reads

@~t @~s ~u(~s;~t) ’ �@ ~s ~u(~s;~t) � ~f � sin
�
�(~s; ~t) � � p

�
� ~f � @~s�(~s; ~t) ; (S11a)

@~t @~s�(~s; ~t) ’ �@ ~s ~u(~s;~t) � sin
�
�(~s; ~t) � � p

�
� ~g � @~s�(~s; ~t) ; (S11b)

where ~u = ug� =f � . We impose �(~s;~t = 0) = 0, �(~s = 0; ~t) = 0 as the boundary conditions as before and furthermore
set ~u(~s = 0;~t) = 0, and ~u(~s; ~t = 0) = 0. Results for selected parameter values are shown in Fig. S1(c). As in the
previous subsection we �nd that the system reaches a steady state in �nite time only for some regions of parameter
space. However, this region is di�erent from before and we �nd, for example, an oscillating state even if g� 6= 0.
Furthermore, for some parameter values, the �lament bends downwards.

SIII. LOCAL, INSTANTANEOUS FEEDBACK

We now return to the general setting and ask: starting from an initially straight �lament with �(s; t = 0) = � p ,
under what conditions does the �lament remain straight? For small deviations from a reference state, we approximate
to �rst order � ’ @ su, �� ’ @ sw, � ’ @ 2

s w, and sin �� ’ ��, so that Eqs. (S5) become

@t @su(s; t) =
Z

ds0dt0�
F� @s0u(s0; t0) + F � @s0w(s0; t0) + F � @2

s0w(s0; t0)
�

+ � � (s; t) ; (S12a)

@t @2
s w(s; t) =

Z
ds0dt0�

G� @s0u(s0; t0) + G � @s0w(s0; t0) + G � @2
s0w(s0; t0)

�
+ � � (s; t) : (S12b)

It is now transparent that the feedback laws we chose are the lowest-order terms in the derivatives of (u; w), with the
zero-derivative terms vanishing due to translation symmetry. This can be written more compactly as

@t @sV (s; t) =
Z

G(s; s0; t; t 0) � V (s 0; t0) ds0dt0+ � ; (S13)

where V (s; t) = (u(s; t); �(s; t)) > , �(s; t) = (� � (s; t); � � (s; t)) > , and

G(s; s0; t; t 0) =
�

F� @s0 F� + F � @s0

G� @s0 G� + G � @s0

�
: (S14)

For local feedback, this reduces to:

G = �
�

f � @s f � + f � @s
g� @s g� + g � @s

�
; (S15)

and we analyze this case now. First, we consider the deterministic equations and afterwards investigate how the
presence of noise modi�es the results.
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Figure S2. Stability diagrams for local feedback. Two examples of stability diagrams for the inequalities in Eqs. (S23)
found from the asymptotic expansion for q ! 0; 1. The only free parameter here is f � and we set (a) f � = 1:5 and (b) f � = �1.
In all cases the region of stability is bounded by two straight lines. Note that the sign of f � determines the sign of the slope of
the line �f � = g � f � . Here, �f � = f � g� =g� and �f � = f � g� .

A. Linear stability of deterministic equations

We �rst analyze the linear stability of the dimensional equations and then nondimensionalize them.

1. Eigenvalue formulas

Using the ansatz

u = u 0eiqs+�t and � = � 0eiqs+�t (S16)

in

@t @su(s; t) ’ �f � @su(s; t) � f � �(s; t) � f � @s �(s; t) ; (S17a)
@t @s �(s; t) ’ �g � @su(s; t) � g � �(s; t) � g � @s �(s; t) ; (S17b)

cf. Eqs. (S13), it is possible to write this system of equations compactly as

[�1 � K] � V = 0 ; (S18a)

where

K(q) =
�

�f � �f � + if � =q
�g � �g � + ig � =q

�
: (S18b)

To determine the region of (in)stability we solve the equation det [�1 � K] = 0 for � and it directly follows that

� 1;2 (q) =
1
2

�
tr[K] �

p
tr[K] 2 � 4 det[K]

�

= �
f � + g �

2
+

ig�

2q
�

i
p

g2
� + 2i[2f � g� + g � (g� � f � )]q � [4f � g� + (g � � f � )2]q2

2q
: (S19)

We show some examples below, after rescaling the expressions to reduce the number of parameters. Note that g� only
appears in the combination f� g� and f � g� and thus we can de�ne �f � = f � g� =g� and �f � = f � g� , where we have included
g� in the de�nition of �f � for future convenience, as will become evident below.

2. Asymptotic limits of eigenvalues

We now consider the asymptotic limits q ! 0; 1 to analyze the stability of the system at long and short length
scales. For short length scales, expanding about q = 1 gives the following lowest-order expressions for the real and
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Figure S3. 3D stability diagram for local feedback. Three examples of three-dimensional stability diagrams for the
inequalities in Eq. (S23). Despite these inequalities being found from considering q ! 0; 1, due to the monotonicity of Re �(q)
the stable region in the stability diagrams here is valid for all q. For the only free parameter f � we choose (a) f� = 1, (b)
f � = 1:5, and (c) f � = �1. The diagrams of Fig. 3 in the main text and of Fig. S2 are thus two-dimensional slices of these
three-dimensional diagrams.

imaginary parts:

� RS
1;2 = Re [� 1;2 ]q!1 = �

f � + g �

2
�

1
2

Re
� q

4 �f � + (g � � f � )
2
�

+ O
�
q�1 �

; (S20a)

� IS
1;2 = Im [� 1;2 ]q!1 = �

1
2

Im
� q

4 �f � + (g � � f � )2
�

+ O
�
q�1 �

: (S20b)

If the real part of the eigenvalues is positive, the system is unstable. On the other hand, if it is negative, the system
is linearly stable; a small perturbation of the initial state will decay and the system will relax back to it. If the
eigenvalues have a nonzero imaginary part, the system is oscillatory. We can thus analyze the respective expressions
to derive conditions for the parameters for the linear (in)stability of the system. From � RS

1;2 � 0 we �nd the condition

�f � � g � � Re
� q

4 �f � + (g � � f � )
2
�

� f � + g � : (S21)

We thus �nd the conditions �f � � g � and �f � � g � f � for stability. Note that this reduces to the condition g � � 0
in the model of Bastien et al. described in the previous section. For the imaginary part we �nd that � IS

1;2 ! 0 if
4 �f � + (g � � f � )2 � 0.

On the other hand, for large lengths we �nd by expanding about q = 0:

� RL
1;2 = Re [� 1;2 ]q!0 = �

g� + f �

2
�

(g� � f � ) + 2 �f �

2
+ O

�
q2�

(S22a)

� IL
1;2 = Im [� 1;2 ]q!0 =

g� � g �

2q
+ O (q) ; (S22b)

Hence, in the limit q ! 0, one imaginary part vanishes while the other diverges, independently of the parameter
values. Furthermore, from � RL

1 � 0 we obtain the condition �f � � f � while from � RL
2 � 0 we �nd � �f � � g � . We

summarize the conditions for the real parts of the eigenvalues to be nonpositive:

q ! 0 : �
f � g�

g�
� � �f � � g � and

f � g�

g�
� �f � � f � ; (S23a)

q ! 1 : �f � � g � and f � g� � �f � � g � f � : (S23b)

Examples of stability diagrams obtained from these inequalities are shown in Fig. S2. Note that in Fig. S2 at the
�corner�, where the two lines intersect, the real part of the eigenvalue vanishes identically. Furthermore, due to the
monotonicity of Re �(q), the inequalities found from asymptotic considerations here actually determine the stability
for all q. We thus have three-dimensional stability diagrams, see Fig. S3 for some examples.

B. Non-dimensional expressions

We now convert the above expressions into the dimensionless form.
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Figure S4. Eigenvalues for local feedback. We show the real (top row) and imaginary (bottom row) parts of the eigenvalues
in Eq. (S25) for di�erent parameter values. We vary ~f � in (a), ~f � in (b), and ~g � in (c), and set ~f � = 0:5, ~f � = 0:5, and ~g� = 1
when the respective parameters are not varied.

1. Eigenvalue formulas

Using the rescaled parameters de�ned above, ~g� = g � =f � , ~g� = g � =g� , ~f � = f � ~g� =f � , and ~f � = f � ~g� g� =f 2
� , as well as

the dimensionless variables ~q = qf� =g� and ~� = �=f � , we can write
h
~�1 � ~K

i
� ~V = 0 with

~K(~q) = �

 
1

~f � �i ~f � =~q
~g�

~g� ~g� � i
~q

!

(S24)

such that the eigenvalues are given by

~� 1;2 = �
1 + ~g�

2
+

i
2~q

�
i
q

1 + 2i(~g � + 2 ~f � � 1)~q � [4 ~f � + (~g � � 1) 2]~q2

2~q
: (S25)

Some examples are shown in Fig. S4.

2. Asymptotic limits of eigenvalues

The asymptotic limits are found to be

~� RS
1;2 = Re

h
~� 1;2

i

~q!1
= �

1 + ~g�

2
�

1
2

Re
� q

4 ~f � + (~g � � 1) 2
�

+ O
�
~q�1 �

; (S26a)

~� IS
1;2 = Im

h
~� 1;2

i

~q!1
= �

1
2

Im
� q

4 ~f � + (~g � � 1) 2
�

+ O
�
~q�1 �

; (S26b)

~� RL
1;2 = Re

h
~� 1;2

i

~q!0
= �

~g� + 1
2

�
1 � 2 ~f � � ~g �

2
+ O

�
~q2�

; (S26c)

~� IL
1;2 = Im

h
~� 1;2

i

~q!0
=

1 � 1
2~q

+ O (~q) ; (S26d)

Now, note that Re ~� < 0 corresponds to Re � < 0 only if f � > 0. On the other hand, if f � < 0, then we have to
consider Re~� > 0 to �nd the parameter space where Re � < 0. Thus, while the number of parameters is reduced
to three, the linear instability analysis is slightly less convenient. In the case f� > 0 we thus �nd the following
inequalities: ~� RS

1 � 0 if ~g � � �1 and ~f � � ~g � . If these (in)equalities are ful�lled, we always have ~� RS
2 � 0 as well and

there are thus no additional constraints. For the imaginary part, we �nd that ~� IS
1;2 ! 0 if 4 ~f � + (~g � � 1) 2 > 0. On



9

the other hand, ~� IL
1;2 ! 0; 1 always, independent of parameters. Furthermore, from ~� RL

1 � 0 we obtain the condition
1 � ~f � while from ~� RL

2 � 0 we �nd ~g � + ~f � � 0. To summarize:

~q ! 0 : � ~f � � ~g � and ~f � � 1 ; (S27a)

~q ! 1 : �1 � ~g � and ~f � � ~g � : (S27b)

However, for f � < 0 the inequalities that are found are di�erent. Namely, they now read

~q ! 0 : � ~f � � ~g � and ~f � � 1 ; (S28a)

~q ! 1 : �1 � ~g � and ~f � � ~g � : (S28b)

We therefore see that ~f � controls the decay rate of oscillations at large length scales (~q small), while~f � controls the
decay rate at short length scales (~q large).

C. Noisy equations: Simple scaling analysis

States that are stable in the deterministic limit could potentially be destabilized by noise. The angular �uctuations
were studied in the main text. Here we present a simple analysis to directly �nd the scaling of P� for small q. For
this, we start from the Fourier transform of Eqs. (S17) and �nd

i
û = �f � û � f � �̂=(iq) � f � �̂ � i�̂ � =q ; (S29a)

i
 �̂ = �g � û � g � �̂=(iq) � g � �̂ � i�̂ � =q ; (S29b)

and for simplicity we will consider the case where fi ; g� = 0 such that the equations for û and �̂ decouple. In the
absence of feedback, from the second equation̂� � �̂ � =q such that ĥ� �̂ y i � D w =q2 and therefore P� � q �2 . If only
g� 6= 0, we still havê� � �̂ � =q. However, if g� 6= 0, the bending terms are irrelevant for small q such that̂� � �̂ � and
therefore ĥ� �̂ y i � D w and P� � q 0.

SIV. NONLOCAL FEEDBACK

We now consider the case of nonlocal feedback. In particular, we assume that signaling molecules are responsible
for the nonlocal and time-delayed feedback. Following Ref. [3], signals are assumed to propagate di�usively such that
the corresponding Green’s function satis�es

@t GD (s; t) � D@ 2
s GD (s; t) = D�(s)e ��t ; (S30)

with D a di�usion constant and � �1 a delay timescale. Assuming that elastic equilibration is much faster than the
propagation speed, we consider the quasistatic limit and the Fourier transforms of the overall (local and nonlocal)
Green’s functions are found to be

F̂i (q; 
) = �f i �
’ i

� + i

1
q2 ; (S31a)

Ĝi (q; 
) = �g i �

 i

� + i

1
q2 : (S31b)

A. Deterministic case

1. Eigenvalue formulas

As before, in the absence of noise we can write the equations compactly as [�1 � K] � V = 0, where now

K(q; �) =

 
�f � � ’ �

(�+�)q 2
if �
q + i’ �

(�+�)q 3 � f � � ’ �
(�+�)q 2

�g � � 
 �
(�+�)q 2

ig �
q + i
 �

(�+�)q 3 � g � � 
 �
(�+�)q 2

!

; (S32)
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Figure S5. Diverging and �nite solutions for nonlocal feedback. (a) Real (top) and imaginary (bottom) parts of the
eigenvalues found from solving Eq. (S33) with f i = g i = ’ i = 
 i = 1 for all i and � = 1. The inset shows the respective
curves diverging to 1 as q ! 0, with the black dashed curves showing the asymptotic expressions in Eq. (S35b). (b) The same
curves as in (a), but with 
 � = 0. The black dashed curves in the inset correspond to Eq. (S36). (c) The same curves but with
’ � = 
 � = 0 and 
 � = �2. The analytical expression for q ! 0 is too lengthy to write explicitly, but the divergence is now
found to be � q �1 . (d) We �nd that for ’ � = 
 � = 0, f i = g i = ’ i = 
 i = 1 for all other i, and � = 1 the real part of the
eigenvalue is �nite as q ! 0. It is possible to �nd a simple explicit expression for the eigenvalues (black dashed lines), namely
Eq. (S40), since we are considering the simple case where fi = g i = g and ’ i = 
 i = 
 for all parameters except ’ � ; 
 � .

and we can �nd the eigenvalues by solving

det [�1 � K(q; �)] = 0 : (S33)

However, since K(q; �) now depends explicitly on �, the resulting expressions for the four eigenvalues are too complex
to write down, although they can in principle be obtained analytically. See Fig. S5 for some examples.

2. Asymptotic limits of eigenvalues

For q ! 1, the expressions simplify signi�cantly, and the solutions read:

� 1;2;3;4 =
1
4

�
�f � � g � � 2� + C 1;2 �

q
(f � + g � � 2� � C 1;2 )2

�
+ O

�
q�1 �

; (S34a)

where

C1;2 = �
p

4f � g� + (g � � f � )2 : (S34b)

We �nd that Re � 1;2;3;4 � 0 if the same conditions as above are ful�lled, namely �f � � g � and f � g� � g � f � and in
addition � � 0 is required. If � < 0 the system is always unstable. Thus, � can in�uence the value of Re � 1;2;3;4 for
q ! 1 but, as long as � � 0, the stability is not a�ected by the nonlocal contributions at short length scales. The
more interesting case is the limit of large length scales. We �nd for q ! 0 that the eigenvalues are given by

� 1;2 = �
p


 � ( �’ � � ’ � 
 � )

 � q

+ O
�
q0�

; (S35a)

� 3;4 = �
� p

i
 �

q3=2 � i
�’ � + 
 � 
 �

2q1=2(i
 � )3=2

�
+ O

�
q0�

; (S35b)
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Figure S6. Stability for nonlocal feedback only. (a) Stability diagram for the case of only nonlocal feedback (f i ; gi = 0)
for ’ � = 1. The region of stability is determined by the inequalities found from Eq. (S38). (b) Example of the real and (c)
imaginary parts of the four eigenvalues for the parameters ’ � = 1, �’ � = 3, 
 � = 4, and � = 1:5. This parameter set lies in
the stable region of (a) and thus Re � < 0 for q ! 0 and furthermore � > 0 and thus Re � < 0 for q ! 1. The colored lines
correspond to Eq. (S37) while the black dashed lines correspond to Eq. (S38). (d) Now, 
 � = 0, i.e., the unstable region of
parameter space, and thus Re �1 ! 1 as q ! 0. (e) Stability diagram for ’ � = �0:25. (f) and (g) show the real and imaginary
parts of the eigenvalues for a stable point (’ � = �0:25, �’ � = �4, 
 � = 6, and � = 1:5) while (h) shows an unstable point
( �’ � = 1 now).

where we have de�ned �’ i = ’ i 
 � . From this we see that Re �3 � q �3=2 always, for all values 
� 6= 0 (see Fig. S5(a)).
Thus, in order to obtain a stable system, 
� = 0 is required. In this case the above expression for the eigenvalues is
no longer valid. Instead, we �nd

� 1;2;3;4 = �
r

�
�’ �p
i �’ �

1
q5=4 + O

�
q�3=4

�
: (S36)

This expression also diverges, but with a di�erent exponent, namely Re �1;3 � q �5=4 (see Fig. S5(b)). Thus, ’ � ! 0
is required as well. In this case there are regions in parameter space where Re � < 0; however, due to the complexity
of the expressions, it is not feasible to write down the inequalities determining the region of stability as before (see
Fig. S5(c,d)). Instead, we consider two simpler cases for which explicit expressions can be written down: (i) nonlocal
feedback dominates such that fi ; gi ! 0 and (ii) the magnitude of the feedback parameters is equal, i.e., f i = g i � g
and ’ i = 
 i � 
.

Only nonlocal feedback. If we set f i ; gi = 0 and keep ’ � = 
 � = 0, but all other ’ i ; 
 i 6= 0, we �nd that the
eigenvalues are given by

� 1;2;3;4 = �
�
2

�

s
� 2

4
�


 � + ’ � � i
p

�4 �’ � � (
 � � ’ � )2

2q2 ; (S37)

which for q ! 0 yields:

� 1;2;3;4 = �
�
2

�

s

�

 � + ’ � � i

p
�4 �’ � � (
 � � ’ � )2

2q2 + O(q) : (S38)

From this we �nd that the region inside the parabola bounded by the curves 
 � = ’ � � 2i
p

�’ � is always unstable such
that the region of stability is con�ned to the regions 
 � � ’ � + 2i

p
�’ � and 
 � � ’ � � 2i

p
�’ � where these are real, i.e.,

for �’ � � 0. Furthermore, similar to what we found for local feedback above, 
 � ’ � � �’ � de�nes a line that bounds
the region of stability. Finally, 
 � � �’ � ; geometrically, this condition constrains 
 � to values greater than the point
of contact between the parabola and the line. See Fig. S6 for the stability diagrams and some example curves of the
eigenvalues.
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Figure S7. Stability for feedback with equal magnitude. (a) Stability diagram for the case where both local and nonlocal
feedback are present, but f i = g i = g and ’ i = 
 i = 
 for all i except ’ � = 
 � = 0. The stable region is found from Eq. (S40).
(b) Real and (c) imaginary part of the two nontrivial eigenvalues for a stable point (g = 3, 
 = �1) with colored curves given
by Eq. (S39), while the black dashed curves show the lowest-order expression for q ! 0, i.e., Eq. (S40). (d) Unstable case with
g = 1 now. � = 5 everywhere here.

Equal magnitude. Now, we set f i = g i = g for all i as well as ’ i = 
 i = 
, except we keep ’ � = 
 � = 0. In this
case the two nontrivial eigenvalues are

� 1;2 = �
� + 2g

2
+

ig � i
p

8
 � (ig � 2gq + q�) 2

2q
(S39)

which in the limit q ! 0 becomes

� 1;2 = �
� + 2g

2
� g

� � 2g
2
p

g2 + 8

+ i

g �
p

g2 + 8

2q

+ O(q) : (S40)

Considering their real parts, we �nd from the last term that there is again a parabola in parameter space inside of
which the system is always unstable; thus 
 � �g 2=8 is required for stability such that the diverging term � q �1 is
always imaginary. Furthermore, requiring the terms � q 0 to be nonpositive gives the conditions 
 � g 3�=(2g + �) 2

and g � ��=2. However, from the conditions of stability at q ! 1 we also have g; � � 0, which are more restrictive
than g � ��=2. This also implies that g 3�=(2g + �) 2 � �g 2=8 always such that the only two relevant conditions for
stability are g; � � 0 and 
 � g 3�=(2g + �) 2. See Fig. S7 for the stability diagrams and some example curves of the
eigenvalues.

B. Noisy equations

P� is found as in the local case (see main text). As the full expression for P� is very lengthy, we do not write it
here. Instead, we consider the asymptotic expansion. As before, P� ! 0 as q ! 1. As described in the main text,
when taking q ! 0 we �nd

P� =
Dw ’ 2

� + D u 
 2
�

(’ � 
 � � ’ � 
 � )2

�
� 2 + 
 2�

q4 + O
�
q6�

; (S41)

whereas, after taking the limits 
 � ! 0 and ’ � ! 0 (to guarantee stability in the deterministic limit) we �nd

P� =
Dw ’ 2

� + D u 
 2
�

(’ � 
 � � ’ � 
 � )2

�
� 2 + 
 2�

q2 + O
�
q4�

: (S42)

To systematically identify the minimal parameter requirements for obtaining a �nite P � as q ! 0 we �rst consider
the case where all but one of the parameters ffi ; gi ; ’ i ; 
 i g are taken to be zero. We �nd the leading-order terms
shown in Tab. S2, where the three cases in which P� is �nite as q ! 0, namely nonzero g � , 
 � , or 
 � , are highlighted
in bold. For the remaining parameters, we next consider cases in which the product of two parameters is nonzero.
The results are shown in Tab. S3. All combinations of two parameters not shown in this table have the expression
Dw =(q2(g2

� + 
 2)) (if g � 6= 0) or Dw =(q2
 2) (if g � = 0).
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Parameter f � f � f � g� g� g�

P�
D w


 2q2
D w


 2q2
D w


 2q2
D u g2

� + D w 
 2

q2 
 2
D w

g2
�

D w


 2q2

Parameter ’ � ’ � ’ � 
 � 
 � 
 �

P�
D w


 2q2
D w


 2q2
D w


 2q2
D u 
 2

�

q6(� 2 
 4 + 
 6)
D w q4 (� 2 + 
 2 )


 2
�

D w q2 (� 2 + 
 2 )

 2

�

Table S2. Leading-order small-q scaling of P� (q) for cases in which only one feedback parameter is nonzero, with �nite cases
highlighted in bold.

f � g� f � g� f � g� g� g� ’ � g�

D u g2
� + D w (f 2

� + 
 2)
q2 
 2(f 2

� + 
 2)
D u g2
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 2
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 2

q2 
 2(g2
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 2 )(D u g2
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 2 )

’ 2
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�

’ � 
 � f � 
 � f � 
 � f � 
 � g� 
 �

q2 (� 2 + 
 2 )(D u 
 2
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 2 )

’ 2
� 
 2

�
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 2
�

q6 
 2(� 2 + 
 2)(f 2
� + 
 2)

D u

f 2
�

D u

f 2
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 2
�

q6 
 4(� 2 + 
 2)

g� 
 � ’ � 
 � ’ � 
 � ’ � 
 �

D u 
 2
�

q6 
 2(� 2 + 
 2)(g2
� + 
 2)
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 2
� + D w ’ 2

�

q2 ’ 2
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 2

D u q4 (� 2 + 
 2 )
’ 2

�

D u q2 (� 2 + 
 2 )
’ 2

�

Table S3. Leading-order small-q scaling of P� (q) for minimal two-parameter combinations. Couplings which suppress the
angular �uctuation divergence are highlighted in bold.

SV. ELASTIC SUBSTRATE

Combining Eqs. (S3) and (S4) for local feedback in the limit in which f� = f � = g � = g � = 0 and f � = g � = g yields

@t @su + g�(s; t) � � � (s; t) = 0 ; (S43a)

B@2
s

�
@t @2

s w + g�(s; t) � � � (s; t)
�

+ k@t w = 0 : (S43b)

In the deterministic limit, substituting the ansatz (u; w) = (u 0; w0)eiqs+�t yields

[� + g] u = 0 ; (S44a)
h
(� + g) q 4 + � ~k

i
w = 0 ; (S44b)

which can be written in the form [�1 � K] � V = 0 with

K =

 
�g 0
0 �gq 4

~k+q 4

!

: (S45)

The eigenvalues are thus simply the diagonal entries of K. In the presence of noise, the Fourier transform of the
relevant equation (as the equations for û and ŵ decouple, we only need to consider the latter) reads

i
q 4ŵ + gq4ŵ + q 2�̂ � (q; 
) + i
 ~kŵ = 0 ) ŵ(q; 
) = �
q2�̂ �

gq4 + i( ~k + q 4)

(S46)

and from this we �nd
D

�̂(q; 
) �̂ y(q0; 
 0)
E

� qq 0

ŵ(q; 
)ŵ y(q0; 
 0)

�
�

q6Dw

g2q8 + ( ~k + q 4)2
 2
: (S47)
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